
PREFACE 


Mathematicians have always been occupied with questions of 
maxima and minima. With Euclid one of the simplest problems 
of this character was : Find the shortest line which may he drawn 
from a point to a line, and in the fifth book of the conics of 
Apollonius of Perga occur such problems as the determination 
of the shortest line which may he drawn from a point to a giren 
conic section. 

It is thus seen that a sort of theory of maxima and minima 
was known long before the discovery of the differential calculus, 
and it may be shown that the attempts to develop this theory 
exercised considerable influence upon the discovery of the cal- 
culus. Fermat, for example, after making numerous restorations 
of two books of Apollonius, often cites this old geometer in his 
method for determining maxim^cm and minimum f 1638, a work 
which in some instances is so closely related to the calculus 
that Lagrange, Laplace, Fourier, and others wished to consider 
Fermat as the discoverer of the calculus. This he probably would 
have been had he started from a somewhat more general point 
of view, as in fact was done by Newton {Opuscula Newtoni, I, 
86 - 88 ). 

Maclaurin (A Treatise of Fluxions, Vol. I, p. 214. 1742), wrote : 
There are hardly any speculations in geometry more useful or 
more entertaining than those which relate to maxima and minima. .. 
Amongst the various improvements that began to appear in the 
higher parts of geometry about a hundred years ago, Mr. de 
Fermat proposed a method for finding the maxima and minima. 
How the methods that were then invented for the mensuration 
of figures and drawing tangents to curves are comprehended 
and improved by the method of Fluxions, may be understood 
from what has already been demonstrated. A general way of 
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resolving questions concerning maxima and minima is also de- 
rived from it, that is so easy and expeditious in the most 
common cases, and is so successful when the question is of a 
higher degree, when the difficulty is greater and other methods 
fail us, that this is justly esteemed one of tlie most admirable 
applications of Fluxions.” 

The theory of maxima and minima was rapidly developed 
along the lines of the calculus after the discovery of tlie latku’. 
Mathematicians were at first satisfied with finding tlu‘, mn'esHury 
conditions for the solution of the problem. These conditions, how- 
ever, are seldom at the same time sufficient. In order to diudde. this 
last point, the discovery of further algebraic means was m‘(‘eHsury. 
Descartes had already remarked, in a letter of Mandi I, IddH, that. 
Fermat’s rule for finding maxima and luinima was imp(U’ft‘ct; and 
we shall see that many imperfections still existetl for a long tinu^ 
after the invention of the calculus by Newton. 

As introductory to a course of lectun^s on tlu% calculuH of 
variations, I have for a number of y(‘a,rs giv(‘n a britd outlini* 
of the theory of maxima and minima. This outlim^ is foundtul 
on the lectures that were preseni(i(l l)v the Professor 

Weierstrass in the University of Berlin. It treats the. onlinar}* 
cases; that is, where the functions t‘ver}'wluuH'. rt‘gular and 
where the forms are either definite or indefi!ut(\ It was publishin! 
as a bulletin of the University of Ciiuunnati in At that 

time I expected to publish another bulletin wliicdi was to treat 
the more special cases; for example, where only omssided diflVr 
entiation enters, the ''ambiguous (mse,” where the hani i« semi' 
definite, etc. A treatment of these e.aseH, the (‘xtraordinary eiineM, 
required more study than was anticipated, llie bulletin liiw 
consequently been delayed so long that I havi^ e,oiutluded to give 
an entirely new exposition of the whole theory. 

In the preface to the German translation by llohltuiinn mid 
Schepp of Peano’s Calcolo differ miziaU e -prmeijni di mJeulu 
Professor A. Mayer writes that this book of Vmiw 
is a model of precise presentation and rigorous decluc^tion, 
•se propitious influence has been unmistakably felt ujKiti 
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almost every calculus that has appeared (in Germany) since that 
time (1884), but by calling attention to old axxd deeply rooted 
errors it has given an impulse to new and fruitful development. 

The important objection contained in this book (Nos. 133-136) 
showed ximpiestionably that the entire former theory of maxima 
and minima needed a thorough renovation ; and in the main 
Peano’s book is tlxc original source of the beautiful and to a 
great degree fundamental works of KScheeiffer, Stolz, Victor v. 
Dantsc.hcr, and others, who have developed new and strenuous 
theories for extreme values of functions. Hjx^akiixg for the 
(Jermans, Professor A. Mayen-, iix the introduction to the above- 
mentioned l)ook, deedares that tlxere has been a long-felt need 
of a work which, for the lirat time,* not only is tivxi from mis- 
takes and inacenn-aedes that liave been so loixg in vogue but 
which, l)esid(‘.s, so inedsively penetrates an important field that 
hitherto has l)t3eu considered quite elementary. 

To a (U)nsiderablo degree these inaccairacdes are due to one of 
th(‘. greatest of all xnathematiedans, Lagrange, and they have 
been diffused in tlui French school by Bertrand, Serret, and 
others. Wc^ further find that tlusse mistakes are c‘.ver being 
repeated by English and American authors iu tlie numerous 
new works whie.h are (xmstantly aj)|>earing on the (udculus. 

It seems, therefore^, very desirable^ in the prt^sent state of 
matluunatical s(den(*.o in tlxis country that moi’c attention be 
givcm to th<‘, theory of maxima and minima; for it luis a high 
interc^st as a to])ie. of ])ure analysis and finds immediate iqqdi- 
(‘.ation to almost every branch of mathemati(*s. 

I hav(‘- therefore prepanul the present hook for students who 
wish to take a more extemded camrse in tbe^ t-alctulus as intro- 
ductoiy to graduates work in mathematics. I do not belic‘v<*. in 
making univc^rsity stxidanta study abstruse theories in fcatdgn 
languages, and in this treatises it will be fcnxnd that tin*, peda- 
gogical side of the presentation is insisted upon; for exam|)h‘, 
the Taylor development in aeries is given under at least half n 
dozen different forma 
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CHAPTER I 

FUlSrCTIONS OF ONE VARIABLE 
L ORDINARY MAXIMA AND MINIMA 

1. A function f(ai) which is uui(]ucly defined for all values of 
X in the interval {a, h) is said ^ to have a greatest value or a maxi- 
mtim for the value x = situated between and if there is 
a positive (Di^J-iitity S such that for all values of h between — S 
and + S the difference 

[1] /0«o+;/.)-/^,)so 

exists, whicli at the same time does not vanish for all these 
values of h. This function has a smallest value or a minimum 
if under the same conditions there exists the difference 

[2] )S0, 

wliicih dot‘oS not vanish for all values of h between — 8 and + 8. 

A funcition may have several su(*.h maxima and minima which 
may be dilhunuit from one anotlicr; it may have' minima which are 
ginater than maxima. (H(‘e 
the accompanying figure.) 

When the existencjo of com- 
ideto derivatives in the 
entire iutervnl under cou- 
sideration is presupposed, 

""the maxima and minima 
which may be derived are called ordinary] but when we hav(^ to do 
with functions whose dewivatives exist only on definite points t>r with 
functions which have one-sided derivatives and the like, the maxima 
and minima may be called extraordinary. The discusBion will be 

* (asnocchi-Pwmo, (kdeoh ({{(f’erenzlulB e rrineipii dl calcolo intearale (§ IIU). 
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restricted at first to ordinary maxima and minima. A maximum 
f(x) is called by Stolz [Grundzuge der Differential- und In 

gralrechnung, Yol. I, p. 199) if in the formula [1] only the sign 
stands ; while we have a projper minimum if there stands only t 
sign > in [2]. The maximum and minimum are improper ii in f orn 
las [1] and [2] the sign=also appears, howeyer smaR S may be tab 

/ . 1\2 1 V 

For example, y sin — has the value + 0 when x = — : 

\ x) niT^ 

consecutive integral values of n, however large, and thi 
intervals as small as we wish. Stok and others * use the notation 
extreme or extreme value of a function to denote indifferently 
either the maximum or minimum of the fimction. 

The maximum and minimum of a function defined as above 
are often denoted as abmlute\ maximum and minimum, since 
they depend upon the collectivity of the values of f{x). Opposed 
to them appear the relative maximum or minimum, which enter 
if the independent variable x is subjected to a restriction so that 
A in the formulas [1] and [2] can take only restricted (and not 
arbitrary) positive and negative values. 

2. If the function f{x) has for x = x^ positive derivative 
f{x^y the function is becoming larger on this position with in- 
creasing X, and its values are respectively smaller or greater than 
those of f{x^ according as x is smaller or greater than x^. It is 
assumed that x lies sufficiently near x^. 

In this case the function f{x) has for x — x^ neither a maximum 
nor a minimum. Similar (mutatis mutandis) conclusions are drawn 
if is negative. | 

It follows that if the function fix) has for x^x^ a finite 
rivative that is different from zero, then on this ^position the functio? 
has neither a maximum nor a minimum. 

If then we exclude from the values of x those to which a defi 
rate derivative (different from zero) corresponds, there remain either 

* Mxtremer Werth was used by R. Baltzer, JSlem. d. Math., Bd. I, AufL. 5, S. 217 
Extremum by P. du Bois-Reymond, Math. Ann., Vol. XV, p. 661. 

t The authors just cited, as also Peano, understand by the absolute maximum anci 
minimum of a function in a given interval the upper and lower limits of the function 1 1 
this interval, if such limits are reached. See also A. Mayer, Leipz. Ber, (1899) , p. 122, - 
Lipschitz, AnaZ?/si5,Vol.n, p.306,andin particular Voss, der Math. W « 
Bd. n, TheU I, Heft I, S^SO, who remarks upon the weak terminology of the subjf 
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.tly 


those positions on which the function has no derivative (finite or 
infinite) or those places on which it has a vanishing derivative. 

These positions must be further examined if we wish to make 
ourselves sure of the existence or nonexistence of a maximum or 
minimum. No rule can be given for the cases where derivatives 
do not exist. 

If we assume that the derivative is zero, the following criteria 
may be used; If f(x) has the derivative in the interval 

{x^—h • * * 33^+ A), we have, in virtue of the Taylor formula,^ 

f{x) -fix^) = {x- XQ)f'{X^), 


ove * 
ace , 
sed . 
iter 


hat 

not 



where lies between and x. If f\x) becomes zero on the posi- 
tion x = Xq in such a way that it is positive for x<Xq and negative 
for x>XQy then {x — is always negative, however x{^ Xq) 

be taken, and consequently it follows that f(x) < /(Xq) for all values 
of X within the interval Xq— li to Xq + Ii, The function will there- 
fore be in this case a proper maximum for x=^ x^. If, however, 
f\x) is negative for x<Xq and positive for x>x^, the product 
(oj — is always positive, and the function will therefore 

be a proper minimum for x = x^ within the interval in question. 

It f(x) is zero, say, for values of x within the interval x^ • • • x^+K 
or within the interval Xq-Ji--- x^, we have cases of improper ex- 
tremes (maxima or minima). But if f{x) retains a constant sign 
in the neighborhood of x^x^, then {x~x^f{x-^ changes its 
sign according as x>Xq or x < and the function has neither a 
maximum nor a minimum. 

It is thus seen that the f^onction f(x) has on the position x — x^ 
a maximum or a minimum according to the manner in ^ohich 
its derivative vanishes for a? = £Cq ; that is, according as we pass 
from positive to negative vahtes or from negative to positive values 
with increasing x. It has neither a maximum nor a minimiim 
if the derivative does not change its signA 

* See Pierpont, The Theory of Functions of Real Variables, Vol. I, p. 248. 

t Leil)niz, Vol. V, pp. 220-226, is the first who made a distinction between maximum 
and minimum. See Maclaurin, ^ Treatise of Fluxions (1742), Vol. I, chap, ix, and 
Vol. II, p. 695; and also Cauchy, Calc, differ., p. 63. With Leibniz, when ^ = 0, ?/ is 

a maximum if the curve is concave towards the a;-axis, a minimum if the curve is 
concave away from the a;-axis. 
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3. Instead of considering the sign of thi‘ <l(‘rivativn in the 
neighborhood of if we consider tlie sign t>f the stuanul deriva- 
tive for x = Xq (when this second derivativi^ is dinereut fnnu zere), 
we have the rule : 

The function f {x) haa on the 'po^Ulon x loh ivh J \j\^) 0 

CL maximum ot a minimum (ur.orduuj J is ovpfdire ar 

'positive. Infinite values are aiwaijs imindal unless it is stated 
to the contrary. 

In fact, if then /'(.r) is a de<‘, nosing Juni‘tit>n, and 

since it is zero for x = it goes from positivi^ to valut*M ; 

the inverse is the cas(i if /"(«^\,) > 0. 

This rule leaves one in the lurcli 0. 

If in general it is assumed that 

/W=0, r(^o)=0, 

it follows from Taylor’s formula that 


where o(\ is situated between and x. 

As here/W(®) is assumed to l)o a (‘.ontimiouH fujK'ti<in. it rotuiiiK 
a constant sign in the neighborhood of If n is odd, the factor 
{x — x^Y changes sign according as x > ,r„ or x ■ . ,c„. ( Umsctiuoidly 
/(«)-/{a!o) aiso changes its sign and /(./•„) is neither a nmxiimuii 
nor a minimum. If n is (won, the factor (.c - - .»•„)" is i«>silivi' and 
/(®)-/(®o) always the sign of /<’'>(./•,). It follows that /{./■„) 
is a maximum or minimum acc.ording as /*"'(.'•,) is negative or 
positive. We therefore hav(i tlie theorem : • 

If foT a; = sJq the fnt <ind HotM oj t/n' fi>Ut>winy dt'Tit'utii'en 
vanish, then f{x^ is or is not an extreme iim>rtlinij oh the Jirst 
nonvanishing derivative is of even or odd order. If it w of rren 
order, there is a maximum or a mmimum nreordint/ uh the 
derivative in question is negative or jmsitire. 


• See MMlaurin. A ^eatim of Vol. I, p. m \ ; V«l. It. p. (iw ; nn.l 

Lagrange, ®tn)re«, Vol. I (1789), p.4. It wa» MaoUkurin who non gav*. a 
method of distingulsMiig maxima firom mMma, 
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4. The following may be regarded as a resume of what has 
been given above: The function f{x) is supposed to be uniquely 
defined for all values of x within an interval h), and is a 
point of this interval. The function f{x) is a proper maximum 
or a proper minimum for x^x^it we are able to find a positive 
number S sufficiently small that the difference /(a;Q+ A) 
retains a constant sign when h varies from — 3 to 4- S. If this dif- 
ference is positive, the function f (x) is smaller for x:=rx^ than it is 
for the values of x neighboring ; it is then a ^projper minimum. 
On the contrary, when the difference /(.>Co+ ^0““/(^o) negative, 
the function is a ^proper maximum for x = x^. If, furthermore, the 
sign = enters in the cases just mentioned, however small 5 be 
taken, we have an improper minimum or maximum. 

When the function f{x) admits a derivative for the value Xq of 
the variable, this derivative must be zero. In fact, the two quotients 

h ’ -h 

which have here by hypothesis the same limit when h tends 

towards zero, are of different sign ; it is necessary then that their 
common limit f\x^ be zero. 

Inversely, let x^ be a root of the equation f'(x)= 0, situated 
between a and h, and taking the general case suppose that the 
first derivative which is not zero for x = Xq is the derivative of 
the T^th order and that this derivative is continuous in the neigh- 
borhood of the value Xq. The general formula of Taylor gives 
here, limiting it to the term of the ^th degree, 

/(ajo + h) -/(X q) = —/(”■) (Xq +dh) {0<e< 1) 

hn 

where € is a quantity that is indefinitely small with h. Let S be a 
positive number such that as x varies from to 8 the 

absolute value of e is smaller than/(’^>(cr<j), so that/(£rQ-f-^)— /(aj^) 

Ti'^ 

has the same sign as — K n is odd, we note that this dif- 

72.1 

ference changes sign with h ; there is then neither a maximum 
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nor a minimum for a; = «o- ^ ewn, / {■<■,, + h) -/(.',,) has t,lic 

same sign as whether h be positive <.r negative, ; tlie tune- 
tionis a mmm«mif/«K)is poaitiw-, and a im.rimum 
is negative. It follows that for the function to he a niu.vinnuu or 
minimum for x = x^ it is necessary and suHieie.nt that- t!ie tirst 
ilftrivative which vanishes for .a = .a,, be of even order.'' 


In geometric language the preceding conditions ihuiote that (lie 

tangent to the curve at the jioint is pundlel to n.\ 

and is not an inflectional tangent (see I'igs. li o). 





II. EXTRAORDINARY MAXIM.t .\N1> MINIMA 

A. Functions which havr Dkiuvativkh (ini.y on 
DEFINITK I'OHITInNS 

5. Let the function y=/{x) he uniquely defined for all values 
of x between Xq — B and ai^-f S and mipjame that it is eontiniious 
for X = aifl. If the expressions 

. „„ /jfe-*) -/w „„ 

A /i 

* See Goursat, Ooura D' Analyse, Vol. I. pp. im at miq. I nhm mU^r IwrmUm in 
this work by the name of the author, and by Peaho ami Brnh I rftiill liivlgtiftir ilpi 
works, cited above, of these two mathematicians. 
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have limiting values when lim7i. = +0, each of these expressions 
is called a one-sided differential quotient,* the first the riglii-liand, 
and the second the left-hand, differential quotient of f(^ with 
regard to x for the value x = x^. 

If the two one-sided differential quotients are equal to 

each other for x = x^, their connnon value is called the comjplete 
differential quotient of f(x) with respect to x tov x=^ x^. 

If next it is assumed that the one-valued function /(^c) is con- 
tinuous for all values of the interval {a, V) and has at least one- 
sided differential quotients, the differential calculus offers a method 
for the determiaation of the maxima and minima. For if is 
such an extreme of f{x), the quotient 

/(^o+ 

h 

must necessarily either vanish or change sign with h. 

It may therefore be concluded, as in § 2, that the complete 
differential quotient f\x) must be zero, and that if the right- 
hand and left-hand differential quotients of f{x) are different at 
the point x = x^, they cannot have the same sign. These require- 
ments are under the existing conditions necessary that f{x^ be 
an extreme of f{x) ; however, as it will be seen in the following, 
they are not always sufficient. 

6. Criteria as to whether a root x — x^of the equation f\x)=. 0 
offers an extreme of the function 

Theorem I. If f\x) vanishes for x = Xq, and if a positive 
quantity S may be so chosen that f{x) has complete 'differential 
quotients in the interval (Xq— 8 • • • x^-k- and if f'(x) changes 
sign neither in the interval (Xq— 8 ^ • Xq) nor in the interval 
(x^ • • • x^ + S) and also does not remain invariably zero in either 
of these intervals, then /(^o) ^ proper extreme of 

f(x) according as the sign of f(x) in the first interval is different 
from or the same as it is in the second interval; and further- 
more, in the first case is a maximum or a minimum of 

^ See P. du Bois-Reymond, Math. Ann., Vol. XVI, p. 120 ; see also Pierpont, The 
Theory of Functions of Real Variables, Vol. I, p. 223. 

t See Cauchy, Calc, differ.. Lesson 7, and see in particular Stolz, pp. 201-210. 
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f{x) according as f{x) on its passage through z(‘ro, as x with 
increasing values passes through changes from tiu*. nigu + to 
the sign — or from the sign — to the sign +. 

This theorem is stated at the end of § 3 and then*, proved ; and 
as also indicated in that section, the inconvenience^ arising dut^ 
to the consideration of tlie sign f\,v) may be ()})viatcHl if tlu^ func- 
tion /(.-r) has a complete second diirereutial (piotient for x 

This leads to the following theorem: 

Theoeem IL If under the (‘.onditious aHsumcel in Thtuneun I 
the function f(x) has for = a (‘.omplc^U^ second <liirt»nmtiul 
coefficient f\x^) which is not th(‘n f{x^^) is n proiH»r «*x- 
treme oif(x)y being a maximum or minimum ucu’.ording aH/^^(,/',,) 
is negative or positive. 

Due to the definition of a ciompleU^ sccu)nd dtaivativc^ it hdlows 


that 


h 




where R(k) is a quantity that bccjomcH indnliuitely Hituill with h. 

If here the existence of a soeond dc.rivativc of /(.r) is aHstuncd 
only for x = Xf^, then, since /'(./,■„) == 0, tlnuo. correHiHiniis (o cvorv 


positive quantity e another ([uantity S hucIi that, if h-ih -..S, 
we have 


If, say, is positive, it followa at once that (horo nuwt Im 

a positive quantity S such that for - SO, < S we have 

[3] ~/'K + A)>0. 

Hence /'(i^o + A) must be negative wlien h is negnt.ive and posi- 
tive when h is positive, so that on passing througli ziiro (i.e., when 
® = passes with inertiasing .r from a tmgative vnlue 

to a positive value. Accordingly, in virtue of Tljeorem U/iO is 
a proper minimum. 

■ The above theorem becomes the one given in § d if it is 
assumed that there is an interval including the value x j-, such 
that for all points within it a second differential quotient of /{r) 
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exists, and if it is further assumed that f^^{x) is continuous at 
least at the point x=zx^. 

Theorem III. If, furthermore, f'^x^) = 0 and = 5 ^ 0, then 

f{X(^ is not an extreme of f{x). 

For since here 

it is seen that as f\x) passes through the value = 0, it does 
not change sign, and consequently f{x^ is not an extreme of f{x). 

The two preceding theorems are special cases of the two 
following : 

Theorem IV. If for the value x = x^ we have 

/'(®o) = 0, f"{x^) =0, . • (a;^) = 0, (x^) ^ 0, 

then f{Xf^ is a j)roper extreme of f{x), being a minimum or maxi- 
mum according as positive or negative. 

For, owing to the supposed existence of the first 2 k differential 
quotients, there is an interval — S • • • S throughout which 
the differential quotients f {x),f'\x), • • 0 xist 

but are also continuous functions of x. Accordingly, in virtue of 
Taylor’s formula, we have 

[4] /(a,„ + h) ^fix,) = {«;„ + eh), (0 < ^ < 1) 

which formula is true for all values of li such that — S < A < S. 
Owing to the existence of as in the case of formula [3] 

above, it is seen that for values of h such that — S < A < S we have 

“ y (2 /-'-!) > 0 or < 0 

tb 

according as is positive or negative. 

If, then, is, for example, positive, it is clear that 

is negative for values of h in the interval — S • • • 0 
and positive for values of h in the interval 0 • • • <5. 

It follows from [4] that the difference + A) — fix^ for all 
values of li within the interval — 8 h S (excepting 7i= 0) is in- 
variably -f- or — according as is + or ~, and correspond- 

ingly we have respectively a proper minimum or a proper maximum. 
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If it is further supposed that/(20(.«) exists for all values of .a 
in the interval 8 • • • aJo+ S and U>at /»'•>(■'■) a eontimious 

function at least at x = x^, then, as in § :l, dxw to Tayh.r’s 
expansion we have 

[5] + (" I) 

from which the theorem is obvious. 

In exactly the same way we may prove 

Theorem V. If for a; = .'r„ the 2* first dilferential (iuotietit.M of 
f{x), vk, /'(;ao), ™nish. and if ^ 

then/(ii3o) is not an extreme of/(.^*)- 

Rkmark. Ill the case that .r == (*vt>i*y diflVrt'iitiiil <»f 

f(x) to vanish, we cannot dctmniin^ hy luoanH of 'rhoormiH IK UK hhiI 
IV whether f(x) is an extreuK^ or not. W(^ imiMt tlum apply Thoorom !. 

For example, it is seen that u; =: 0 is a nuuininm of./’(-^i 

Theorem V^. If the given function /{.r) (*nn (icvelo{^ctl in 
the neighborhood of the point in a serien in intt^gral ptmiiivn 
powers of x-- so that 

f(x) =f{xa + X- a;,,) = + 1 /'"' t- 0) 

then /(i^o) extreme of f{x) or u an (‘xinnue /(.r) 

according as m is odd or even; and/{ii:j,) in a maxinuim nr iniiii- 
miim according as ia negative or poaitivex 

For here f{x^) = 0 =/"(a:„) = • • • = /('« 
while /<“) (a;,,) = m 1 r,,,. 

This theorem may he proved directly hy umaus of the pni{ieirty 
of series. For under the given assumptions ('.omsKjKuuling ti* every 
quantity e > 0, we may choose another (luantity S > (I. sueli that 

— + + <'m \ +••■<«. 

If m is a positive integer and r„< 0, say, and if jX] • : S, 
then /(»(, + h) -/(^•,) < /g» (n„, + «) ; 

and as e may be taken such that e< - c„„ the expression on the 
r^ht-hand side is always negative, so that there is a nuiximuui of 
/ (a;) at » = a)g. Similarly, we may prove the remaining jairt of V“. 
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B. Functions which have only One-Sided Diffehential 
Quotients of a Certain Order for a Value x — 

7 . Theorem VI. If the continuous function f{x) has for x = 
one-sided differential (quotients of the first order and of opposite 
sign (including -h co and — co), then /(x^) is a proper extreme, 
being a maximuni or ininiinum according as the riglit-hand 
differential quotient of f(x) is negative or positive. 

For if, say, the left-hand differential quotient is positive, the 
right-hand one being negative, then there exists a positive quantity 
S such tliat according as — S < A < 0 or 0<h< S, we have 

/.fe. + Z'WK)>0 or <0. 

h 

It follows that /(.a^j) < 0 for all values of h that are 
situated within tlic interval — S • • . H- S. Hence f{x^ is a proper 
maximum. 

Thkohkm VII. If for x:=Xq the 2 k first differential quotients 
of f{x), viz:.,/'(a;), /''(.Q, • • vanish, and if/(^^')(a;) has for 

one-sided differential (quotients of contrary sign (H-oo and 
—GO included), then the value f{x^ forms a proper extreme of 
f{x), being a maximum or a minimum according as the right- 
hand differential quotient is negative or positive. 

If, for example, the left-hand differential (luotient is positive, 
while the right-hand is negative, that is, 

and 

— h h 

wo note, siiUKi t-hat/'^^'>(./’„+/() < 0 for all values of h 

within the interval — S . . • + S (tho value h — 0 excepted). Hene-e 
from forimda [5], viz., 

/(,.,+ /0-/(.r„)= .1“ Oh), 

it is seen at onc(‘. that /(.r^) im a prtyper maximum. 

Theorem VIIL If for the 2/*— 1 first differential 

quotients vanish, vh., ^ == 0, and if 


Stolz, p, 2(HU .s<n' hIko PaHcal, Hjnercici^ ott*., pp. 215 ’222. 1895. 
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has for one-sided differi'iitiiil quoliontM of ojijio- 

site sign (+ CO and - oo included), tlu-n /(.r„) .iocs not Umn an 
extreme of f{x). If, however, these diil'erential (luotii'uts u.v l.otli 
positive or both negative, then /(.i’,,) is u jiroper mininiuiu or 
maximum of f{x). This theorem follows from l-l] in same 
manner as the preceding one did from fa]. 

Example. If /(,r) = (.rSO) .ui.l/(.r) hIi.-sv l.v lueuas 

of Theorem VI that there i.s a pniper mhiiiiiuin al .<• o if ^ hps 1... 
tween 0 and-t-1. Verify tlie saaie result when /r lies hetwem • I / 
and 2 it + 1 by luakinjii* us(i (»f 'rinsn'em til; and by nsin^ iheiuem I\ 
show that/(a:) is a pro]ier miuiimim when /i is situated helwi'en 2 / 1 

and 

C. Upper and Lowkr Limitb ok a ()NK*VAi.rKi» Fin^tiun 

WHICH IS CONTTNIJOUB FOR VaI.UKS OK TIIK AHtiTMEN F WITIUN 

A Dkfinitf Iktfuval 

8. If the function /(. f) is continuotis and uniifuoiy (hdiitod in 
the definite interval (a., ?>), ihoro exist the grrulost and tin* li'iist 
value in the interval in ([ueation, wliirh an^ known ns thr itppn* 
and lower limits of the function in this interval; unt!» further^ tln^ 
function reaches these limits; that is, if tluw*. linuts an* dninh’d 
by g and h, then there is at least one valla's e uf j* within itio 
interval a • • - for which the fvuuiiou is eH[ual to g, and at li^nsi 
one value d within the same interval for which the saiae funefiun 
is equal to h. 

But if the interval within whic‘.h x varitm iw indefinitely large, 
{a^ oo) or (— c!Q, 1) or (— -f- the fimeiion lus'd net have n 
maximum or a minimum, and also it need not liave lui ujt|«'r or ii 
lower limit. This is illustrated in the following i*xiiiii}ileH.t 
also § 96.) 

^ Proofs of tills and the following statenients ftnuid, for In lliirkiip’vi 

and Morley, Intr. to Analytic Fumtiom^ §§40, IKg E. It Wllutiii, /Iflrrtnrtfil i'td 
cuius, §§19-25. See Peano, Theorem IV, § 21 , and alio IHwI. Fuwitimr-nti iwr Ai 
teorica dellefunzioni di variabiU reali (German tmntkiliin hy Liiotili iiml Hr|iii|in. 
§§36, 47). These proofs are founded upon. Weieretmai'i whlrti. la iiirn, 

are founded upon the work of Bolzano, Abh, d, BdAmtecAim *lir 

Vol. V, p. 17. 

t Peano, § 132. 
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Example 1, Divide a number into tiro parts so that, their product is a 
maximum, (Of. Ex. G at end of § 10.) 

L(‘t a l)i‘. tlici given nuinlxo-, and a — tlu\ two HunumiiuLs, and 
y = (a — x) X thdr product. If W(‘. considcT x as variables wa liav<‘. // —. 0.-2 .r, 

wliicdi bi'.(u)ui(^M ziu-o for We further hav(‘. //'=:•— 2, so that tln^. 

function ?/ has a inaxiinmn for u* = that is, when both ])arts iivr. (‘(|uab 
this valiK'. b(‘iMg ?/ =: ^ • 

Sinc(S how(W<T, the derivative //' is positives for x < and n(‘gativ<‘ for 

x > it follows that tlu^ function increase's in tlui inteuwal anel 

(l(HU*e‘as('s in the', interval -f oo^. Tlie function has neither an upi>er nor 
a le)we'r limit. 

Example 2. ?/ rr^ .rb {x >0) 

'rhre)ugh diFevre'ntiation we' have / = .r'‘ (I 4* log.r). The first factor 
is neve'r ze're) and is always positire. Tln^ secotnl factor be'.ce)nieB i^ero 

when log.r ' I or x i • The de'.rivative'. juisse's the're‘fe)re^ from ue'.gative^ 

^for X < to positive' valuevs ^fe)r x > 'Fhe^ fiimdion has a inininnim 

for X = i — 0.G07HS • ■ whiedi is ?/ 0.07(5411 • • % This is also the^ lowe'r 

e 

limit which the', fiuiel.ion take*s in the inte'rval (0, <x)). The function does 
not have^ e'ithe*r a tnaximum em an uppe'r limit. 

Example 3. // — xK if — ij xr S. 

Thei (h'rivative^ is y.e*ro fe>r no finite> valuer of x, but is infinite for a* = 0. 
For this vahm y be'coine's ze‘ro» and th<^ function will have* at this point bedli 
a minimum anel a lowe*r limit with respect te> tin' inte'rval (-“ ■X', 4- x ); for 
all the? value's of x cause? the? function to be? greait'r than ze*rt). 'fhe? function 
has n(?ither a maximum nor an uppe'r limit. 

9, If WO add to the postulatos already made in the prt?vitnis 
articles rc^garding /(.e) that it munt have a eornplete diOVnmtial 
([uotmnt for all valueH of hotweeii a ami b, then f'{x) vanishes 
for every value of x between a and h to whicdi oiui of the values g 
or k of the function belongs. If, however, /(r;f) = g, say, then possibly 
f{a) is only a ont‘-sided maximum of/(^r), and consequently /'(a) 
is %ot necessarily zm\ This must be borne in mind as we proceed 
with the problem of determining the numbers g and l\ This is 
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explained by the simple example (see Liouville s JoutuclI^ I irst 
Series, Vol. YII, p. 163): 

In the plane of a circle which is described about the point 0 as 
center with radius r, let there be given an arbitrary point A which 
is different from 0. Determine the upper and lower limits of the 
distances of the point A from a point AT of the circumference. 

Let the positive A-axis be taken passing through 0, and standing 
perpendicular to it through 0 is erected the F-axis. The e(][uation 
of the circle is then = while 

A3f^ = (a — — 2 ax. (a) 


As AT passes over all points of the circumference, x takes the values 
in the interval — r • • • -f- r. The linear function (a) decreases with 
increasing values of ot-, its 
differential quotient being a 
negative constant equal to 

— 2 a. Consequently those 

values of x to which the 

upper and lower limits of 

AM^ belong, fall on the 

end-points of the interval ^ 

^ ^ , Fig. 6 

— r . . . -f r. It IS seen that 

— r corresponds to the upper limit and -f ^ to the lower limit, giving 
US as upper and lower limits respectively |a + r| and \a — r\. 

10 . Suppose next that the function f(x) is discontinuous at least 
on an end-point of the arbitrary interval (a, b) ; for example, sup- 
pose that the function is not defined at such a point. If this is 
the case only for the — then in the derivation of tlie 



upper and the lower limit we must consider in particular the value 
of f{x) for the lim a; = a -f- 0. The following examples will make 
clear the method of procedure (see Stolz, p. 210). 


Example 1. Consider the function y = for values of x sucli that 

log- X 

0 < X < 1. It is seen that y is negative and decreases with ine.reaBiug valiK'is 

of X. For when ^ v a 

iim X = + 0, then lini ^ — 0 ; 

and when liinx = l-0, then lim^=-oo. 

Thus the upper limit of y in this interval is zero, while the lower hinit is 
— Qo, although neither is reached. 


FUNCTIONS OF ONE VARIABLE If) 

Example 2. y = (1 - ,r) sin (() < .r ^ 1) 


For th(‘S(‘ valut'H f)f .r wo. hav(‘. always |//|<1. 
n wo ooiLsidi'r only vahuus of .r hiic.Ii as j: 
ini(‘g(‘r), wn liavc^ 


2 

(whero. n is an 

4 11 + 1 


IhnuN' wlnni n - • + X', l.lu' u|)p(*r limit of // is -f 1. 

. . 2 

By writiu^^ .r = ^ ^ , it is s(‘oii tluit. th<‘ lowor limit is — 1. N(‘ith(‘r 

tF(*. upix'r nor tln^ lowin' limit of // is roachod, although in oitlu^r cas<‘ 
tlu'y ar(‘ (iniUu 


PROBLEMS 


1. I)ol.(‘nunH^ th(^ maxima and minima and tiu'. uppor and lowm- limits of 




(a) y - ■ > u) 

(b) 7/ ^ a v.oHx + h sin .r. 

(c) (Fim-pont, p. :i20.) 

(d) y/ = l — (Maidaiirin, Vol. U, 

]K 720.) 

(o) :7*'-*Hin?^» ('‘rin^ fumd-ion lias a 

(li.st:()iit.inu<mH tli-rivativc for 
.r - 0.) 


- 1 

(f) ,/ = - 


(K) .V “ .!■ 

(h) f/ = <• 


f „V ^ 


1 


(i) // rs j'r ("riun-o is no (‘x- 
tronu' on tho position 
.r = 0.) 

2. Show that tln^ fumdaon J ^ ^ 

[/(0)-.0 

has an iidiuito numbor of maxima and minima within tin* iidorval 

3. Wlum is mp 4- nq a minimum, whm'o p ' ; Vr*'* -p //-*, q r 4* (// qf'^ 
(ladbniz, 10H2.) 


4. *Mnv(mir(^ oylindrum maximi ambitus in data sphaora.” (Fonnat, 
ahwm% V(d. I, p. 107. l(M2.) 

5. Find tin*, anui of tho groatt'st parabola whiidi may bt^ out from a 
givan eotio. 

6. x(j'<^a) has its groab‘Ht vahio when (Fiudid, Hook VI, 

Prop. 27.) (’antor ((iC.Hrhirhff dtr Math.y Vol. I, p. 22H) hhvh tliat this is tin* 
first (‘xainplo of a maximum in tin* history of mathematics. 
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7. On a given line AB axe two fixed points and P^. Determine a 

third point so that is a minimum. (Pappus, Book VII, Prop. 61, 

P • PP^ 

and Fermat, (Euvres, Vol. I, p. 140.) 

8. Of all sections which pass through the vertex of a cone, determine 
the one of greatest area. (Severus.) 

9. The number a is to be divided into two parts, such that their product 
multiplied into their difference shall be a maximum. (Tartaglia, General 
Trattato, Part 5, fob 88.) 

10. A ten-foot pole hangs vertically so that its lower end is four feet 
from the floor. Find the point on the floor from which the pole subtends 
the greatest angle. (Regiomontanus. 1471.) 

11. The curve y = — has no ininwium. (Euler, Differential- 

rechnung, Vol. IH, p. 744.) 

12. Two points Pi andPg not on th*e straight line AB are given. Find 
a point P on A B such that PPj + PP^ is a minimum. (Solved by Huygens 
possibly about 1673. See Huygens, Opera Varia, pp. ^0 et seq. Note the 
letters of De Sluse.) 

13. Derive the greatest rectangle that can be described in, and having 
one of its sides, upon the base of a given triangle. (Simpson, ElemenU of 
Plane Geometry (1747), pp. 106 et seq. In this work are also found numerous 
problems that have to do with areas, volumes, etc.) 


CHAPTER 11 


FUNCTIOKS OF SEVERAL VARIABLES 

I. ORDINARY MAXIMA AND MINIMA 
Peeliminary Remarks 

11 . We say that the function x^, • • •, becomes a 

maximum or minimum on the position {a^ a^) if for a 

sufficiently small region about a^, • • •, a^) we have 

y(^lj ^2? * * *’ 

or ^ 2 , • • •, a^)^f(x^, x^). 

These extremes are proper or improper according as the sign = 
does notf or does enter. 

As in § 1, it is assumed here that the function has definite 
partial derivatives which are continuous within the region in ques- 
tion with regard to each of the variables ; and the extremes which 
may be derived we shall call ordinary. If the partial derivatives 
do not have such derivatives, the extremes may be called extraor- 
dinary. Such extremes in their generality we shall not attempt to 
consider. Another class of extraordinary extremes is mentioned 
in § 13, and is later treated in its generality for the case of fimc- 
tions of two variables (§§ 20 et seq.). 

12 . Consider the function of one variable viz., f{x^y 

. . a^. If the function n of the preceding article is a maximum 

or minimum for x^ — then/(a?j, will be 

a maximum or minimum for a^. Hence (see § 2) the derivative 
/L {^V ' •> ^^st be zero. Similar conclusions may be made 

for the other variables in u. 

It follows that if u =/(a?i, • • •, extreme on the position 

(a^, <^ 2 , • • •, the first partial derivatives of u must he zero. 
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(See Euler, Calc, cliff. (1755), p. 645 ; and Lagrange, Theoru des 
Fonctions, VoL II, No. 51.) 

Write^ next + ^3^,,+ hj> and put 

F{t)^f{ct^ + hit, • • •, hr,it). 

If u=f{Xi , . . •, X,) is an extreme on the position (a^ • • •,, a„), 
then F{t) is an extreme on the position t — 0. 

Since hy hypothesis the derivatives of u are continuous, it 
follows also that the same is true of F{t). 

We consequently may write 

^2> • • •> '^n)'hx-^fk{^V 

+/4(^n ^2^ • • ^n)K' 

It follows from § 2 that 

-^'(0)=/4(^n ‘ • ^n)^h+ * • * +/aj^v * * ^n)K= 0, 

whatever he the values of hp / 12 , * * •, h.,^- 

We therefore have 


/«,(«!, • • •. «»)= 0, • • • • •, «»)= 0, 

as was just seen. 

We further have 


^ (0 “t/ ^2> * * *> ^n)^l ^2» * * 

d" f x^x^ip^X) ^2’ ' 


• , hijh^ + . • • . 


If u is to he an extreme for the position under consideration, then 
F{t) must he an extreme for = 0, so that for a maximum we must 
have (§ 3) F^\Q) ^ 0, and for a minimum ^ 0, whatever be 
the values of hi, h^. If for the time being we omit the sign 

= from the two expressions just written, we have the theorem : 

In order that the function u he an extreme at the ^position 
(<x^, • • - , af) for which the first derivatives vanish, it is necessary 
that the following homogeneous function of the second degree in 
K * • •> Ki 


d" ^fa,ajl^\> <^2> ’ • 


* See also Peano, § 134. 


*, afjhih^^ • • •, 
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assume only jpositive or only negative values^ whatever he the 
values of hy • • •, except when these quantities are all simul- 
taneously zero. 

13 . We distinguish 'three kinds of integral functions of the 
second degree, or as they are usually called, quadratic forms f viz., 

I. Definite forms, which with real values of the variables have 
always the same sign, that is, only positive values or only negative 
values, and are only zero when the variables are all zero. 

II. Semi-definite forms, which always have the same sign, 
but which vanish also for other values of the variables that are 
not all zero. 

III. Indefinite forms, which with real values of the variables 
can become both positive and negative, and that too for values of 
the variables whose absolute values do not exceed an arbitrary 
small quantity. 

The theorem of the preceding section may be written as follows : 

If for = the first partial derivatives of the 

function f{x^, • • •, x^^ vanish, and if in the Taylor develop- 
ment t for f{x^ + Ki) the term which is a homogeneous 

function of the second degree in h^ is an indefinite form, 

then u on the position (a-^, • • •, a^) has neither a maximum nor a 
minimum value. If, on the other hand, that term is a positive defi- 
nite form, then u is a minim%(jm, and if it is a negative definite 
form, is a maximum. 

The case where the form is semi-definite is included under the 
extraordinary extremes, and we shall consider it later (§ § 20 et seq.). 

14 . Next is given a criterion to determine whether a given quad- 
ratic form • • •, hf) is 2 , positive definite quadratic form. 

If depends only upon one variable 7q, we shall have <^=^Ah^, 
and this is positive when and only when A is positive. 

If depends upon two variables h^ and h^, we shall have 

^ = Ah^ -b 2 Bhfi^ + Chi 

* See Gauss, Disq. Arithm., p. 271. 

t So called, for example, by Scheeffer, Math. Ann., Vol. XXXV, p. 555. Gergonne, 
Gerp. Ann,, Vol. XX (1830), p. 331, called attention in particular to this case. 

t This development is found in jull in § 50. 
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If here 0 is a positive definite form, it follows that for — 0, 
7ij¥=0, then <f>=Ah^, and consequently A must he pos^t^ve. We 
may also write 0 in the form 

<f>=:~[(Ahi+Bh^)^+(AC-B^)hl]. 

j4. 

If in tMs expression we give to and such values that 

Ah^ + Bh^ = 0 , it is seen that ^ takes the form 4>=^ -{AC- hi. 
We must therefore have AO — B^>0. 

The conditions ^>0 and are not only necessary, 

but they are also sufi&cient that be a definite quadratic foini. 
In fact, if ^ 2 =^ 0, we have {AC — B‘^)li 2 > ^ and {Ah^A-Bhif^ 0, 
and consequently the sum of these two expressions, and also cj), iis 
positive. 

If, in general, <f> depends upon several variables h-^, h^, ' ' '? 

we may write 

(l>^Ahl+2B\^C, 

where is a constant, B a form of the first degree in /i/g, • • •, 

and C a quadratic form in h^, h^, • * 

If ^ 3 , ^ * are all zero, but = 5 ^ 0, we will have B and 0 zero 
and ^=Ahf. We must therefore have ^>0, if 0 is to be a 
positive definite form. 

The form may be written 

■<l>^\[(Ahi+Bf+{AC-^)], 

where AC — B^ is a quadratic form of. . The quantity 

may be determined so that A\-\-B== 0 with the result that 

. <\> = ^{AC-&). ■ 

Hence the expression AC — B^ must be positive and different 
from zero. 

Hext write ^(7— • • •)? where is a quadratic 
form in ^ 3 , • • • which is always positive and different from 
zero except when aU the variables vanish. 
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It follows tliat the necessary conditions that (p he a. definite 
positive form are (1) that A he greater than 0 and (2) that 
AC — be a positive definite form in the variables Ag, Ag, . . .. 

These conditions are also sufScient; for if we give to \ an 
arbitrary value and to Ag, • - • arbitrary values which are not 
all zero, then of the two summands into which <p is distributed, 
the first is positive or zero, while the second is positive. It follows 
that p is jpositive. On the other hand, if we give to Ag, Ag, • • • 
simultaneously the value zero, then must be different from 
zero, and from cp = Ah^ it is seen that A must be positive. In 
this way the determination of the question whether a quadratic 
form is definite and positive is reduced to the determination of 
the same question in the case of another quadratic form of fewer 
variables. ' If then the process is continued, we come to the forms 
in one or two variables already considered. This subject is further 
considered in §§ 53 et seq. 

To determine whether a quadratic form (p is definite and nega- 
tive, we have to determine whether — <p is definite and positive. 
(See Peano, § 137.) 

II. RELATIVE MAXIMA AND MINIMA 

15 , To introduce the theory, we shall consider here a simple 
case involving only three variables. Let it be required to deter- 
mine the extremes of the function 

to:=.F(x,g,z), 

where the variables x, y, z are restricted. Suppose, for example, 
that they are connected by the equation 

f{x, y, z) = 0. 

If from the latter equation z is expressed as a function of x 
and y, and if this value is substituted in the firat equation, we 
shall have w expressed as a function of x and y. The values x, y 
which make u a maximum or minimum cause the total derivative 
d% to vanish for all values dy. 
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dF dF , dF , 

We have du = — dx-\-~dy-^ — dz, 

dx dy dz 

where dz denotes the differential of z, which is defined through 


the equation 




dx dy dz 0. 
dx dy oz 


If this last equation is multiplied by the indeterminate quan- 
tity — X and added to the equation dii = 0, we have 



X 




dz = 


0 . 


If in this equation we choose X so that the coefficient of dz 
vanishes, then corresponding to the maxima and minima values 
of u the coefficients of dx and dy must also be zero, and we thus 
have the equations 


dx dx 


= 0 , 


^_x^ 

dy dy 


= 0 , 


dJl 

dz 



= 0. 


It is evident that we have these expressions which are sym- 
metric with regard to the three variables if we form the three 
partial derivatives of F—\f, where X is an indeterminate quan- 
tity, and then put the resulting expressions equal to zero. 

These three equations, together with the two equations /=0 
and u=^F, determine the unknown quantities X, x, y, z, u, which 
correspond to the values of % for which there exist maxima and 
minima values. 

We may proceed in the same manner with an arbitrary number 
of variables and equations of condition. (See Lagrange, Theorie des 
FonctionSj p. 268.) 

PROBLEMS 


1. Find the rainimum value of w, where 

u = • • • , 

and where a;, 2 , * • • are connected by the equation 

ar + + C2 + • • • = it. 

2. If 4- ojg 4- • • • + = a, show that 

x* 4- X* 4- • • • 4* 

is a minimum when x^ = Xg = • • • = x.^. (Maclaurin.) 


CHAPTER III 


FUKCTIONS OF TWO VARIABLES 

I. ORDINARY EXTREMES 


16. Let z—f{Xy y) be a continuous function of the two vari- 
ables X and y when the point P with coordinates (x, y) remains 
' within the interior of an area H which is Hmited by a contour P 
W e say that this function f (x, y) is a miniTmom for a point (Xq, y^ 
of the area H when we can find a positive quantity S such that 
we have A=/(a 3 o+ h, S 0 (^) 


for all systems of values of the increments h and h that are 
less than S in absolute value. The maximum is defined in a 
similar manner.^ 

If we exclude the sign = in the expressions A ^ 0 or A ^ 0, 
the extremes are said to be ^ro^per (cf. § 1) ; but if the equality 
A = 0 exists for certain values of h and h that are less than 
S in absolute value, however small 8 be taken, we have improper 
extremes. For example, in the case of the surface represented 
by the equation z—f(x^ y), the axis Oz being vertical, a proper 
maximum corresponds to an isolated summit, but if these sum- 
mits form a line on the surface, this line will be a line of 
improper maxima. Consider, for example, the lines generated by 
revolving the extremes of a plane curve about the Ox-ajds, 

If in the expression (i) we regard y as constant and equal 
to 2/o, then a: becomes a function of one variable x and (§ 2) 


the difference 


yo)-f(^o> Vo) 


can only retain a constant sign for small values of h if the 

derivative % is zero for x = x^,y — y^. 
ox 


* See also Goursat, loc. cit. 
23 
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In the same way it may be shown that these values must 

also cause ^ to be zero. It follows that the systems of values 
dy 

which cause f{x, y) to become proper extremes are to be found 
among the solutions of the two simultaneous equations 



conditions which are also necessary for improper extremes. 

As only ordinary extremes are considered here, the partial deriva- 
tives of the second order of f{x, y) are supposed to be continuous 
(§ 11) in the neighborhood of the values y^ and are not all zero 
for aSq, y^, and, furthermore, the derivatives of the third order are 
supposed to exist. If, then, x=Xq and y=y(, are a solution of the 
two equations (a), the formula for Taylor’s theorem gives us 


^ =/(^ 0 + h Vo) 


1 

2 1 



“f“ 2 Jhlc 







x=XQ’^Qh 
2/ = yo+,dA 


{ii) 


For values of Ji and h in the neighborhood of zero, it is clear that 
the trinomial ^2 ■/? 




dxl dx^dy^ 




gives its sign to the right-hand side of {ii), and it is evident 
that the discussion of the sign of this trinomial is going to 
enjoy a preponderant rdle. 

To have an extreme for x = x^, y = it is necessary and 
sufficient that the difference A retain a constant sign when the 
point {xQ-\-hi Tc) remains within the interior of a square 
sufficiently small which has the point {x^, y^ for center. In 
this case the difference A will also retain a constant sign if 
the point (Xq+Ti, remains within a circle with radius 

sufficiently small and center {x^, y^, and inversely; for we may 
replace the square by the inscribed circle and reciprocally. 
Suppose, then, that C? is a circle of radius t with the point 
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K,y/„) as center. We have all the interior points of this circle 
by writing h. = pGOs^,k = p sin <j> and causing 4, to vary from 
0 to 2 TT and by causing p to vary from - r to + r. 

Making tliis substitution in A, it becomes 

pa 3 

A = ^ - (A + 2 /# sin cos 4- a sin^^) +^L, 
where A ^ where L is an expres- 

0 0 .7 0 ^^0 

sioii which retains a finite value in the neighborhood of the 
point (,<•„ y/„). 

It is evide.nt that si'.veral (Mxsea are to be distinguished according 
to this sign of J^—AC. 

17 . Mrd ci).v. /r^~ Af'>0. 

Tlie e(|uation A (■.oh^4) + 2 E sin 4>cos(f>+ C sixfi<j> = 0 admits 
two real roofs in tan <4, and the, left-hand side may be written as 
the (Unerence of two H(|ua,rea in the form 

A = [n(n c-os <f>Arh Hin <^)“— /9(a'co8 (f> -f J'sin — 

w 6 

wlujsrt^ n > 0, fi>0, and (aV — M) ^ 0. 

By tiiking tho (virtda Bntticiently small we may neglect tlie 
tentiB cf the third and higher degrees in p. If next to the angle ^ 
a vahie is givcm ntich that a cos <l> + h sin <j>= 0, it is seen that A 
will Ik^ nt‘gativt‘. ; while if we give the angle (j> a value such that 
(tUnm ^ f //sin ^ — 0, then A will bo positive. 

It is ilH*refore imjioHBiljle to find a number r such that the dif- 
ference A retains a (uamtant sign when the absolute value of p is 
inferior to r, wliile the angles ^ is arbitrary. It follows that the 
functicat /(j\ t/) has no extreme for x = Xq, 

18 . Hemwl eune. 

It is fwddent that A and C must have the same sign. 

The trinomial 

A + 2 B cos ^mn<f> + 0 

- T [(^ ^ + B sin (A C — JB^) sin^<;5>] 

A 

cioii mji vanish when ^ varies from 0 to 2 tt. 
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Let m be the lower limit of the absolute value of the trinomial 
and let H be the upper limit of the absolute value of the function 
Zr in a circle of radius It and center y^. ^ 

Let r be a positive number inferior to B and to Within 

the circle of radius r the difference A will have the same sign as 
the coefficient of that is to say, of A or C. The function f{Xj y) 
has therefore an extreme for x — x^^ y = y^. 

19. The above results may he summarized as follows: If at 
the point x^, y^ we have 

dyl 

there is no extreme; but if 

\dx^dyj dx^ dy^ 

there is a maximum or minimum according to the sign of the two 
derivatives^,^. 

hi 

There is a nfiaximum if these derivatives are negative, a mini- 
mum if they are positive, and it is also seen that we have a 
'proper maximum or minimum.* 


Example. In the theory of least squares it is required to determine a;, u 
so that the expression 

(A) u (x, y)-^ (ayx + % + 

Te^l 


may be as small as possible. In other words, determine the values of x and 
y for which u (x^ y') is equal to its lower limit. 

Following the methods indicated above we must solve the two equations 


(^) 


1 du 

2 dx 


k=n 

- y aie = 0 , 

iVi 


k~n 


1 01 ^ \ 

2 ~ ^ = 0- 


It is seen that the determinant of these equations is equal to the sum of the 
i n (n - 1) squares (a^bi - (*, I = 1, 2, • • • , n ; J: < I), and this deter- 

minant does noi vanish if among the binomials atfc bjcy there are at least 


* See Lagrange, Msc. Taur., Vol. 1. 1759. 
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two which do not differ from each other by a constant factor. Under this 
assumption the two equations (5) have one and only one system of solu- 
tions Zf,, y^. 

I hat u does in fact reach its lower limit for this pair of values is seen 
if we write in (d) z = y = and expand. We then have 

k~n 

^(^0 — + ^ k ' i )\ 

iPl 

which difference is a 2 ^ositive quantity for every system of values except 

^ = 0 , 7 ? = 0 . 

PROBLEMS 

1. Find a point P of a plane suoh that the sum PA + PB + PC oi its 
distances to three fixed points of the plane is a minimum. In particular 
consider the case when BA C > 120°, and show that here the point A gives 
the minimum. (Cavalieri, Exercitationes Geometricae^ pp. 501-510. 1647.) 

2. In a plane triangle all of the angles have been measured with the 
same precision and found to have values a, /?, y. On account of the 
unavoidable error in observation, the sum aA^Ay does not equal 180°. 
Let the difference 180 — (a + yS + y) be equal to 3, where 8 is expressed in 
circular measure. What values u, v, w (in circular measure) must be 
added to the three results of measurement if we wish 

(1) that aAj3AyAuAvAw = 180, and • 

(2) that A A be as small as possible ? 

Amwar. n = 8 = u = n\ 


Introduction to the Ambiguous Case B ^— AC —0 


20 . We shall first note the difficulties that attend this special 
case, and with Goursat* we shall illustrate these difficulties by 
means of geometric considerations ; we shall then call attention to 
erroneous deductions which have been made, and later a method 
will be given, due to Scheeffer, of determining the extremes for 
this case, when they exist. 

Let S be the surface represented by the equation z=f{x,y). 
If the function y) has an extreme at the point and if 

the function and its derivatives are continuous, we must have 


dx. 



^ Goursat, p. 112. 
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which shows that the tangential plane to the surface jS at the 
point Fq (with coordinates Xq, Zq) must be parallel to the 
^cy-plane. In order that this point shall correspond to an ex- 
treme, it is necessary that in the neighborhood of the point Pq 
the surface S be entirely on one side of the tangential plane. We 
are thus led to the study of a surface with regard to a tangential 
plane in the neighborhood of the point of contact. 

Suppose that the origin has been transposed to the point of 
contact. The tangential plane being taken as the ^ry-plane, the 
equation of the surface is of the form 

z =z 2 hxy -f- cy^-{- 3 ^x‘^y -1- 3 ^xy‘^-\- hy^, {%) 

where a, 5 , c are constants and 7, S are functions of x, y 
which remain finite when x and y tend towards zero. To deter- 
mine whether the surface S is situated entirely on one side of 
the aj?/-plane in the neighborhood of the origin, it is sufficient 
to study the intersection of this surface by the oj^z-plane. This 
intersection is a curve C represented by the equation 

f{x, y) = 2 Ixy -b ao(?-{- . . . = 0, {ii) 

and presents a double point at the origin. 

21 . If 52 „ ac is positive, the equation 

2 hxy -h = - \{ax -f- hy)"^— (h^— ac) y'^'] = 0 
a 

represents two real and distinct straight lines which pass through 
the origin. Suppose that we take these two lines for the axes 
of coordinates, and note that this is brought about by a linear 
change of the variables. 

The equation (ii) then has the form 

xy + E{x, y)= 0. 

If in this equation we write y = VjX, we have 

R{x,ux) 

where it is evident that E{x^ is divisible by 


(iii) 

(iv) 
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It follows from § 140 (s6o also (loursat, § 34) that equation 
{iv) has ono and only ones root, say f(;a), which tends towards 
zm’o with .r. Ihaico through the origin there passes one branch 
of tlu^ cnirvo rep re ‘.si a i tod by an equation which is 

tangent at tlu^ origin to the axis Ox. If we interchange the 
role of tlit‘. two varial)lt‘H x and v/, it is seen that there also 
pasHivs tlirough th(‘. origin a Ht‘.(u>ud branch of the curve O which 
is tangent to tlu^ axis Oy. T\ns point 0 is a donble-point loith 
({iHtinct ianijtniH, 

If, tlum, iiv > {), tlui intersection of the surface aV by the 
tangential j^lane. prosiu\ts two distine-t l)ranches of curve (\ and 
which pass through thes origin, and the tangents to these two 
bniucht»H (»f (‘urve at tlie origin are 
ropreHonitMl through the (‘(|uation 

fOr- f 2 /a/’// + (Uf^: 0. 

If we give to each n^gi<m of tin*, 
jjlane in the ntnghhorhood of Uu‘ 
origin tlu'. sign of tlu‘ first term in 
(m),aH seen in tlu* figure, it is (dear 
that if a jioint mov(‘s along eitluu* 
of tlie (mrves ( \ or tlu^ hdVhand 

side of (i//), and eonm^.cpaaitly also 
of (/f), cdiHiigcm sign as the point {lasw^s tlirough the origin. It fol- 
lows tluit/(‘r, y) dtM^H Hid hav(^ an t»xtreiue (cf. § 17) at the origin. 

22, If P Or-* 0, the origin is a double mdated point; for 
wiiliin the intenlor of a eirede with Hutliciently sma’ll radius 
deserihed nljoiit the origin an ctenter, the right-hand side of (w) 
only viinisheH at tlie origin itHolh To show this write cos 
// ; r sin x and // are the eohrdinataa of a point in the 

iieighlMuhiMicl of the origin, 

Fi(|Uiition {it) iHaMunes 

f{i\ y) p^(tt coP^ + 2 b sin ^ om (^ + c ain^^ + pL) 

wlier© /# is fi function t»f p and whicdi remains finite when p 
t4inrli towiirdi ^JBro. IM M Iw the upper limit of \ L\ when p is lees 

tlma a psitivt numtor n 
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men (f> varies from 0 to 2 tt, the trinomial 

a Q,os^<f> 4* 2 & sin <|> cos (j> c sin^<jf> 

retains a constant sign. Let m be the minimum of its absolute 
value. It is clear that the coelficient of does not vanish foi 
any point on the interior of a circle C with radius less than t and 

having the origin as center. Consequently the equation 

f(Xj y)= 0 admits of no other solution than x=^ 0, y= 0 (i.e., p = 0) 
within the circle. 

It follows that f(Xy y) retains a constant sign when the point x, y 
moves within the interior of this circle. Hence, also, all the points 
excepting the origin of the surface S which may be projected upon 
the circle C are situated upon the same side of the ojy-plane. The 
function /(rc, y), therefore, presents an extreme at the origin (cf. § 18). 

23 . men the two tangents at the double point 

coincide, and there are, in general, two branches of curve tangent 
to the same straight line, which form a cusp. 

The complete study of this theory will be found to require a 
somewhat delicate discussion. 

For example, y^=^ presents at the origin a cusp of the jir^t 
'kind ; that is, one which has the two branches of curve tangent to 
the Orr-axis lying the one above and the other below this tangent. 

The curve 3/^—2 ^y + — 0 presents a cusp of the second 

kind ; the two branches of curve are tangent to the x-dixis and 
situated on the same side of it. The equation gives us, in fact, 
y = a? ±x^. The two values of y have the same sign in the neigh- 
borhood of the origin and are only real when x is positive. 

The curve ^x^y presents two branches of 

curve which offer nothing peculiar, both being tangent at the origin 
to the a?-axis. We have from this equation 

from which it is seen that the two branches obtained when we 
take successively the two signs before the radical have no singu- 
larity at the origin. 
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It may also happen that the curve is composed of two coincident 
branches, as is the case of the curve represented by the equation 

f{x, y)=y^~2 + a3*= 0 ; that is, {y — c^)‘^= 0. 

It is evident that here the left-hand side passes through zero 
without changing sign. 

It may also occur that the point Xg, is a double isolated point, 
as is presented through the curve 

0 

at the origin. 

From the above it is seen that if the origin is a double isolated 
point, or if the intersection of the surface with the tangent plane 
is composed of two coincident branches, the function j[{x, y)!ivill 
be an extreme (in the latter case just given an imprope^extregie); 
but if the intersection is composed of two distinct bran(3ies-wEich 
pass through the origin, there will, in general, be no extreme, for 
the surface again cuts its tangential plane. 

24. Take, for example,* the surface 

z={y-aP'){y-2x^), _ ^ 

which cuts its tangential plane along two parabolas of whichithe 
one is interior to the other. That the surface may noC cross: its 
tangential plane, it is necessary that if we cut this surface by Any 
cylinder having its elements parallel to Oz and passing through Oz, 
the curve of intersection shall lie on one side of the try-plane. 

Let y = <#>(*) he the trace of such a cyhnder upon the try- 
plane, the function <^>(tr) being zero for tr = 0. If /(O, 0) is to be 
a minimum, the function /(tr, <i>{x))=F{x), say, ought to be a 
miniTrmm for tc = 0, whatever the function <f>(x). 

To simplify the calculation, suppose that we have chosen the 
axes of coordinates so that the equation of the surface is of the 

z = Ay^ + </>3 (®j y) d > 

where A is a positive quantity. 

* This is a generatoation du« to Goursat (p. 115) ol the classic example of Peano 
(loc. cit., Nos. 
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With, this system of axes we have for the origin. 

¥ 


BOSr. 


0 ^=0 


2L.0, ffi>o. 


The derivatives of F{^ are 
dx ’ 


%o' 


F'{x) 

-?’» = F, + 2 <#>>•) + 


2y , o 


^/ 2 (a;) + etc. 


dc^ * dxdy ^ ^ dy^ 
Tor = 0 = V these formulas become 




T^'(0) = 0, T''(0) = ^2[(/>'(0)]2- 

H ^ 0, the function T(aj) evidently has a minimum for 
0 : but if <^Y0) = 0, it is seen that 

dH 

A’'(0) = 0, A’"(0) = 0, J?’"'(0) = ^ 


and 


jr(») (0) = + 6 ^ <#>"(0) + 3 [<^."(0)]2 


K 


2*0 ^yo 


■2yo'' 


Hence, in order that F{x) be a minimum, it is necessary that 

dH- -- 

be zero, while 

2a;2ay^ 

must be positive, whatever the value of 

These conditions are not satisfied for the surface 

z = 3 x‘^y 4- 2 

considered above, while they are satisfied for the function 
z = y'^-\- 

It is thus seen that in the ambiguous case, where — J.(7= 0, 
the derivation of the necessary and sufficient conditions, for 
the extremes of functions of only two variables is going to be 
accompanied by difficulties. It is also evident that in the case, 
of three or more variables these difficulties will be correspond- 
ingly augmented. 
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IL INCORRECTNESS OF DEDUCTIONS MADE BY EARLIER 
AND MANY MODERN WRITERS 


25 - One of the greatest mathematicians of aU times, Lagrange 
{Thiorie des Fonctions, p. 290), writes: 

If all the terms of the first and second dimensions [see formula (ii) of 
§ 16] vanish, it is necessary for the existence of a maximum or minimum 
that all the terms of the third dimension in h^, . . . shall disappear and 
that the quantity composed of terms where • . . (cf. § 51) form four 

dimensions shall be always positive for the minimum and always negative 
for the inaximum when /q, • • • have any values whatever. 


Following Lagrange, all writers on this subject made the same 
incorrect deductions until Peano, in the remarks to Nos. 133-136 
found in the Appendix to his Calcolo, wrote: ^'The proofs for 
the criteria by which the maxima and minima of functions of 
several variables are to be recognized, and which are given in 
most books, depend upon the theorem that in the Taylor develop- 
ment for functions of several variables the ratio of the remainder 
after an aihitrary term to this term has a limit zero when the 
increments of the variables approach zero. This theorem is in 
general false when the term in question is not a definite form 
with respect to the increments of the variables, and when it is a 
definite form, the theorem needs proof.” ' ^ 

These fallacious conclusions are found, for example, in^ Bertrand 
{Calcid Differentiel, p. 504), and also in Serret {Calc., -p. 219), 
who writes: 

The maxima or minima exist if for the values /q, 7q, • • • which cause drf 
and dy to vanish the derivative dy has invariably the minus or plus sign. 


Here dy, (Pf, • • • denote the homogeneous integral forms of 
the second, third, • - • degrees in • • *, when the function / 

is expanded by Taylor’s theorem (cf. § 51). 

Todhunter (pp. 227-229 of the 1864 and 1881 editions of 
his Calculus), for the semi-definite case where 0, writes 

the Taylor expansion for a function of two variables in the form 
(see (n) of § 16) 


+ )8 + -K4. 


where is the remainder term. 
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The condition which it appoara tliut 1»^ c-ouaiiii'rtMi tw huIIi- 
cient for an extreme is that A ami It\ must have tliu hiuuo 
sign, and if the terms of tins secoml (liiufusiiui are zero for 
the position or positions in ipu'slion. thou also tho toriiis nf 
tlie third dimension must ho zero. 

That this is not tnu*. is scon a( uiici* hy ohsorving l^oaiin’s 
classic example y(,._ 

where the comlitionH junt luentidiUHl v\ini, nliliough llti*re in im 
extreme at the origin, m alnnuly in § l!4. 

ProfeHSor Ilerpont {/hfIL of the Am. Moth. Stn\, VuL |\\ [i. a:iti| 
saya, “Our Engliah and Ainerienn siullttira mnnn in igimnint 
of these faetn.” 

Write Peauo’B example in thi^ form 

/(J\ \ 2hj^i/ I r.A, 

It in seen that the fnne.titm /(.r, //) in ptmtirr in thi^ 
hood of the origin upon every Htrnight lino thnmgli it; howevtu; 
upon the parabola y the fumditni in thi^ ntnglit>«irtHH«l of 

the origin in ponitive, y.m>, 
or negative atuHirding as 
+ 2 Imi d- e in ponitivc^, 

^aro, or negalivt*. 

We may furtlier illustrate 
this aH folhmm: the 

equatioiiH 

'P(;r, 3/)=y-f 
denote two c.urves through 
the origin. Tho function 

/(u;,y) = 4>(,fi,y)M'(.c,y) 

will have pjsitive values for values of .r, y mi the iir<- HA uf a rir<-!i* 
with origin at the center and radius sulfiinently siiiuli iitiil ttegalive 
values on tlio are AIK Hence tlie functiDit _/'(.#■, i/j hit*' tttitumtiui 
values on all straight lines through the origin tlmi rut the i»r«* H i luei 
maximum values on the lines through the origin ih/it mt the urc .1 H 




36 


FUNCTIONS OF TWO VARIABLES 

If, further, the two curves ^ (x. y) = 0, ^(o;, y) = o have a com- 
mon tangent at the origin with their curvatures lying in the same 
direction, it is seen that all possible straight lines through tlie 
origin are such that the coordi- 
nates of any points on them cause 
f{Xy y) to have positive values. 

This is true, for example, of the 
function already considered, 

y) = {y - (?/ - 

In the spaces above and below 
both curves we have /{x, 2 /)> 0, 
while this function is negative 
for the spaces between the two 
curves; so that there is a ininimum upon every straight line 
through the origin, although there is a maxiumm ^ of fix, y) for 

all points on the curve y = — — " x\ 

z 

III. DIl^FEKENT ATTEMPTS TO IMPROVE THE THEORY 

26. The existence of an extreme of the function f(x, y) at the 
origin, for example, a minimum, depends upon the condition that 
there exists an upper limit g such that the function /{x, y) for all 
values of x, y which satisfy the condition 

0 < 

is positive ; or, geometrically speaking (§ 16), this condition implies 
that there exists a circle with center (0, 0) within which the func- 
tion is everywhere positive with the exception of the position 
(0, 0) itself. 

Instead of considering the values of such a function for the 
coilrdinates of points on straight lines through the origin, which 
lines may be written in the form 

X = ak, ^ = /3^, 

*Note in this c.oniiection Schaeffer, Math. Ann.,Vol. XXVI, p. 197 ; and Vol. XXXV, 
p. 545. 
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a $ being arbitrary constantH, it wuultl !«> uauirul i.. liiisc Uie 
question whether we could not (ii-UTiiiiiu’ ihr :iuili. i,-nt (•(.nditiima 
for such extremes by studying tiio luoiv g. u. r.il . urvrH .■xjiroHHtid 
through the algebraic equat ions 

y f • ■ ■ t fij.’' . ' 

and make the requirement lliat the fnmie.n fi » (/i). Miall 

have an extreme for l>, wlmtever valu.'M ilo u- b.- usNijru,.(l 
to the positive integers m uml n hih! t.i tlm m j ,i quauiiticH a„ 
■ • •, A' Ai, • • •> A,., it Is’iiig of . out '..' n-ou,„.,l tlml all 
the quantities a and are not sinmltu!ii-ou-.l,\ .-.■lo 

It may, however, be shown lliat sin li Milla ieni < . ,ji, litj.inH cdH/wf 
be derived in the manner indiniled. I’m jf wi- wtiii< 

^ (•>>!/) si'A'. j 

we have two oumm (iefintnl thrmi^th th*’ 0 

and 0 whioli liiivo rit *i\{ ^ u t u rMiiuntiu 

tangent and a contac’t of an ind«’luiit*'l} luKh Mi.irj 
There is consoqvienUy no I'tirvi* at i!i*^ lu nmy Iw 

laid between these tw(» ftirvinn; fur i'Ii'iitIv Hii\ nn> h » urvi' niiwi 
have with eithor of thoso <nirv*‘»4 a m| iiitiriifufrly Ingli 

order which is innKJSsihh* fi»r an iilK*d.riii^ « 

On the other himd, the fntiftiMn /i.f, tn 4u..f, i/i m 

positive in the wlude plane ex«'rpiin^» tliai .4 ih^i i.hnn- tliiit 
is situated totween the twu lriiii«s*i'n*l«’ni^il m tthirh it k 

negative. Hence at the origin th«‘*re i« nriihi't n luiisjiiitiui ii«>r a 
minimum for the function /cr, tikh.oigh ihn hiii*i4t»i4 
eveiy curve (i) thens enters n imnuiasm. 

We may thiii^fons desist front fnrtlirr trqiiifriiii^iiAi m this 
direction^ and we shall tw%i ndl itiii*nln»ii to lu.* iurihmin, ilin 
one due to Schaeffer and the tuher Inn aw 

ul in character when the ilmmmum imn i.. *!■.» two 
les and wWch 1^ tn uritertu mdin-lt iirr n^n m }»riclim 
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27. Scheeffer's method. Wo have seen that functions of one 
variable whiidi have ordinary oxtreiuea (‘,an l)o expressed through 
tlie Taylor (levelupiiK'.nt in tlui form 

(()<^< 1 ), (a) 


wluni /(.r) and the tltn’ivaiives /^(.a), . . are zero for 

.r- 0 whih^ Huch functions the change 

in valium in tlu^ ne.ighborhood of the position .i; — 0 on either 
sitlo is fastin' than that of a given quantity ; that is, positive 
([uantitii^H a, n, and S may bi^ ho choHcn that for all values of x 
witliin the inUu'vul 8 to +8 the absolute value of f(x) is 
greatin* than the absolute value of ((x^\ excepting the value x=^ 0. 
Fur Bince / 0, may ho determine 8 that for values of 

.r Hindi tliat tln^ function is different from 

z(‘ro. If> then, we choost^ tlu^ (juantity a smaller than the absolute 

value of ^ in the interval — 8 to +8, then (see formula {a)) 

within tluH interval llu^ (‘ondition \/{x )\ > | IkS satisfied. Reci|)- 

namlly, if tlu^ last condition t^xists, the 7h first derivatives of 
/(x) ('urinot all vanish for For in tlie latter case we 


would Inive 




and from Huh it follows that 


{/t +1)1 



whicdi eontradietH the uHHumption that \ f{x)\ >|rn#|. 

Thiirti an*. fmu'tionB, however, for example e (cf. Pierpont, 
loc, <‘ik, Vol. I, p. 2dn), for which such quantities n, a, 8, do not 

I 

iixiHt. In fac*C tla^ idmoluta value of e in in tlie immediate 
nt*ig!ihorliooi! of x C) Hniiillcr than any arbitrary jxiwer mfK 
We may note tliat tlie characteristic property of the above 
wiquireinent tmimiHis in tlie fiutt tliat the heliavior of the function 
in tlu^ iitiigliborhood of tlie origin must be marked with a certain 
d^ree of timiimimm. 
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The following consideration leadn to tlu^ gmioralizalion of tlu‘. 
above condition for functions of two variables: It is rltair that a 
function /(ir, 2^) which vanishes at the origin, if it is oontinuoun, 
has upon the circumference of evmy circh* whirli is dcHcntlKHl 
about the origin as center with an arbitrar\- radius /' a gmiU^ni 
and a least value, provided tlu‘ fumdion does jKtf rodin'o to a 
function of one variable r = Tin* signs (d tlicsi* gn*nU‘Hi 

and least values, which we denote, byyj(r) and /u{/1 resi«o(iivtdy, 
offer for sufficiently small radii r a tallerion regarding tin* appear- 
ance or nonappearance of an extnuia* at the origin.* F<»r if t!n‘ 
two quantities (r) imd mv positive*, timre will ho a initii- 
niurn of y) the origin, while, if tluw an* luith iH*gativo, a 
maxiinum exists at the origin, d'he dainr nf whieh 

marks the behavior of the fimetion at tin* c»rigin is oliarmlorizod 
through the existence of a power oF* with the prttporty tlmt for 
every value of r within a certain limit g both j\ir) and J\^{r) 
are in absolute value gn^atcu* than 

If this requirement is not satislita! wo oaumd oiuug upon 
deriving sure characteristios of oxtrouu's through tla* expansion 
in series. For in this ease tlu^ vulm* with wluoh tlm fuinlinn 
/(£», y) in the neigliborhood of tlu* position cn, tl| <dthor ap» 
proaches the value zero from the om* .side, or luaing pasNod 
through zero differs from it m tlie iitlau’ side, is littli* ittui 
this value cannot he expresstnl through a |«wvor twor so higfi 
of r. The development in s(*rit*s ounnot. thoroforo, sor\o t,, dt* 
tennine whether the value is a litth* m tho one siilo or on tho 
other side of zero. 

As examples of this kind urt^ the fimetion 

p* 

whicli has a mimmutu vh1u« ut tlm .irh.ii,, un.l th,> 

». />* /a |tt 

;)/»- e (if + r f “ ""j, 


*The belmvior of the timctlon /(j-, y) at any jHtinl r,„ j,„ .,11,1,. ilmii lit.. ..rli'iti 
may he made by the mibatltutUm a- x., + A. „ , a. 

of the f unction /(a-,, 4 - A, + A* (A, A) for tli<< valii..>i t 11 i » 
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which, has neither a maximum nor minimum at the origin. The 
first function approaches the value zero from the positive direction 

up to the value e ^'(for ?/= 0) while the latter approaches the value 
zero from the negative direction by the same amount. 

To this class of functions belong also those functions whose 
initial terms constitute a semi-definite form and which contain as 
a factor an even power of a series F (x, y) the terms of which 
vanish for real pairs of values x, y in every region arbitrarily 
small where 0 < < S, 0 < |y | <8 (see §§ 36 and 41). Belonging 

also to this category of functions are the functions which reach 
the value zero but do not pass through it for every region arbi- 
trarily small where 0<|3c|<8, 0<|?/|<S. ^ 

If on the other hand there exists a power ar’' whose value, so 
long as we remain within a certain limit g, is always smaller than 
the absolute values of /^(r) and/ 2 (r), then the question whether 
at the origin an extreme of the function exists may always 
be answered by a development in series and by a finite num- 
ber of observations. How this is accomplished is found in the 
next chapter. 

28. The method of Von Dantscher. We have seen that by 
considering the extremes on every line through (0, 0) we are not 
able to form any conclusions regarding the extremes of the func- 
tion f{x, y) at this point. Von Dantscher’s method consists in 
establishing criteria not only for the extremes on such lines but 
also for all points in the plane in the neighborhood of the points 
on these lines and also in the neighborhood and on both sides of 
the point (0, 0). Although Von Dantscher himself finds that there 
is '^110 need of an extension or improvement of the Scheelfer 
method,” I shall give later the method of Von Dantscher, as it is 
of interest in itself and, besides, it is well .to compare the two 
theories (see §§ 42, 44). 

29. The Stolzian theorems.* We shall at first assume that the 
function f(x, y) is continuous with respect to both variables in 
every point {x, y) of a rectangle that includes the point (0, 0), the 


* Stolz, p. 213. 
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sides of the rectangle being parallel to the coordinate axes. We 
shall state and then prove the following thcon^iis: 

Theorem I. A necessary condition that J {0^ (t) be a proper 
extreme of f(x, y) is offered thronyh the existence of an interval 

-S hS, within which x{4^0) lies, and such that the upper 

limit of f{Xj y), when x takes a 
constant value, the variable y beimj 
confined to the interval -^x • • — 
is had through the value y — 
and the lower limit thronglt 
y — ^i (x). This necessary condition 
in question for a p)ro 2 )er maximuon 
is that f{x, i'M^ariahly 

less than f{0, 0), and for a> proper miuhnuni ur must have 
invariably f{x, <j)i(x)) greater than f{(), 0). 



r 

-5 


n 

0 

X J . 



u 



1 




In the first case the upper and lower limits of //) an^ both 
less than /(O, 0) and in the vS(H‘.ond <’.as(^ tlu\v nn^ l)t>th gn*.a.i(T. 

Note that 0, since |c;f>2 Wh I'^l* Hana*. is true 

of 0,(4 

The same conditions must he true with regard to the upper and 
lower limits of f(x,y) with constant y such that |//j- i iS, the vari- 
able X being limited to the interval — // - • . -f y/, which limitH are 
reached through the values resiurtivelg. 


Theorem IT, The fulfillment of all the conditious made above is 
siofficient that f(p,0) be a proper extreme of f{x, ij). Accord inghj 
f{0,0) is a proper maximum if there exists a posit ire quantity B 
stock that we have simultaneously 

[1] for 0<|j;|<S, f(x,4>.i{^’)) </({),{}), 

and 

[2] for 0 < |y I < S, f(yjr^ (y), y) </(U, 0) 
with corresponding cotiditions for (t proper minimum. 


To prove the two theorems just stated we remark first tlrnt on 
account of the continuity of f{x, y) with respect to y tlie function 
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f{x, y) with, constant x and with the assumption that y takes all 
values of the interval — x ~ • + a; has for all these values a finite ' 
upper limit and a finite lower limit, and further that /{a;, y) reaches 
these limits for values y = </>2 {x) and y = <f)i (x) (see § 8). 

Hence for values of y such that 

[3] 1 2 / 1 S .| I it is clear that f{x, y) S f{x, 02 («))• 

Furthermore, in virtue of the definition of a proper maximum of 
f(x, y) there must be a positive quantity S such that if only \x\ 
and \y\ are smaller than S we must have 

[4] /(*,y)-/(0, 0)<0. 

It follows, if |a,'|<8 and and if we substitute y = <f>^(x) in 
[4], that /{*,02(®))-/(O, 0)<0, 

which is in fact the inequality [1]. 

Reciprocally from [1] and [3] are obtained the inequalities 

0 < I .i' I < 3 and f(x, y) — /(O, 0) < 0, 
where |y|^|£c|<S. 

If the relation [ 4 ] is to be true for all systems of values {x, y) 
where \x\ and | 2 /| are smaller than B (excepting x = 0 and y= 0)^ 
then in addition to [1] we must have the corresponding pair of 
inequalities [2], which may be derived without trouble. 

We have corresponding conditions for improper extremes: 

Theorem III. In order that f{0, 0) he an improper maximum 
of f(Xf y) it is necessary and sufficient that there exist a positive 
quantity S such that for any x with absolute value less than S 
the value f{x, greater than f{0, 0) and for any y 

with absolute value less tham S the value V) 

greater than f{0, 0 ) ; while at the same time corresponding to 
every positive quantity which is less than B there is at least 
one value of x or y whose absolute value is less than B^ and for 
which either f(x, <f> 2 {^)) V) lo f{0, 0). The 

conditions for an improper minimum follow at once. 
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Theokem IV. That/(0, 0) may wt be a minimum (proper or 
improper) of /{x, y) it is necessary and sufficient that to every 
positive quantity S there either exists a quantity with absolute 
value less than S, such that 

[5] 

or that there exist a quantity y', with ahaoluU-. value, le.ss t.han 8, 
such that 

[6] /(^i(/),y')</(‘>.0); 

and that /(O, 0) may not be a maximum (proper or improper) 
of f(x, y) it is necessary and suflie.ieut that e.orn‘Hpondiup: to 
every positive quantity S there may be. found eitluu- a quantity 
with absolute value less than 8, such that 

[ 7 ] >/((), 0 ), 

or a quantity y", with absolute value less than 8, smli that 

[8] /(ta(y").?/')>/(0. «)• 
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THE SCHEEFFER THEORY 

I. (iKNKRAL CIIITHRIA FOR A (iREATKKT AND A LEAST 
N'AU'E OF A FFXC’TION OF 'I’WO VARIABLES; IN FARTIC- 
l!LAR THE EXTRAORDINARY EXTREMES 

30. 'rh(‘ tlu'(irisiii.s of Stolz which were developed in the pre- 
ccdiiiK article are c.loHcly redutod to tho.se of Schoeffer, which are 
of more praetieul vahui .siiuH' the coinjnitationa required have to 
do muHtly with a few of the initial U'.nna of tlio expansion of 
;'/) '/(O, 0) in ascendinp; positive inte}!;ral powers of x and y. 
We shall assumi', that tht‘ function /(.c, y) is such that it may 
he exjtanded hy the Tuylor-ljiffrangc theorem in the form 

/(■'■ + /<, H t /.') 

/(•'■. //) >t 1 Kf'f (■'’ + // + + ^'f'v (■'■ + V +■ 

/ (•'■. .'/) + !/) + /;/■; (.C . !/) + .] [/i.yix(.s + Oh, y + 9h) 

+ 3 hkj'l'y {.(• + Oh, y + ^A')+ + Oh, y + ^A")], etc., 

wlunv 0 - 0* U 

If wHi writp 0, anti than put /:=!/, it is seen that 

% 

1 1 1 /(•'•, y) /((>. U) (i„ y) + A'„ H Pt y). 

wherti o'„ (./•,(/) deiioti'S the c(dlec.tivity (»f term.s of the 'ii first 
dimemsions and A*,, , , (<■, y) is the remainder tt^rm (Ijigrange, 
Ththrit' lim FunrttoitH, Vol. 1, p. 40). 

The Scheeffer theorem. //' mt inder n and positive quantities 
H and S van hv dftvrmiiml to satisfy the two postulates (1) that for 
all values of .r suvh that ('/■':|.r|<S the upper and lower limits 
of j<'r„(.c, //)| -- with rimstaiU values of w and with y limited, 

to the. interval + .r, and (f) that for all values of y sveh 
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that (?<| 2/|<8 the upper and lower limitu of 7 /)|Srt|y[>', 

where y has constant values and where x lies within- the interval 

then the two functions f {x, y) and <},f-e,y) hare. \ 

simidtaneously on the position {0, 0) either a. proper viaxm.um, or | 

a proper minimum. j 

For, let the lower and upper limits of ^4, y), with (n)nHtant j 

and with \y\ ^ \x\, be ^^ud 

with constant y and with |it*|^|y| let the upper and lower liinitH 
of Gp,{x, y) be Gni^^e^^iy), y) and Gn{"^\{{/)^ !/)• 1 //) 

is a homogeneous integral function of the { 11 + l)th dinuausion in 
Xj y and consists of terms, we noit‘. that eorrt‘Hpc)nding to 

any positive quantity e' we may always find anuthtu- positive* 
quantity S' such that if 

and 0 <|iy|<S', then y)| < (m + 2 )/|.rj|a:p^; 

and also such that if 5 

\x\S\y\ and 0 <l 2 /|< 8 ', thou |/t'„ hK :'/)| <(''■ + ' 

Hencewriting (?i + 2)e'|.(;|= e ami (n + 2)«'|//|=: «, ami denoting ! 

the corresponding value of S' by S, it is setin tliat timro is always ! 

an interval — S ••• +8 such that if 

[2] 0<|a;|<S and |y|S|a,'|, then | 

and if 

[3] 0 < |y| < S and \x\ ^ |y|, then | A“„ v/)| I 

It follows then from [1] and [2] that for values of .r, y such 
that |iK| < 3 and |y| S l.-fc’l we have 

[4] Gn{x, <I>i (X)) - e|^|« </(;/:, y) -/(O, ()) ^ 

< (!„ {x, <t>, (x)) + «| j'j " ; I 

and from [1] and [3] that for values of x, y such that ()< |y| < 3 
and |a:| S |y| we have 

[6] 0„ (^1 (p), y) _ « I y |« < y^ _ 0^ 

<G„('Fa(y),y) + e|y|". 
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If next we aaaume that 0) is a proper extreme of 

the two postulates of the theorem have been 
satisfied, then if r4(0, 0) is a minimum it is evident for small 
values of a; and y that G,,{x, and Gn{^i{y),y) are positive 

quantities, and from the i)oatulatos it follows that for values 

0<|a;|<S and |y|S|a.'| wo have a|a;|» 

and for vahio.s 

0 < I v/l < S and | ,r | - i |7/| wo have {y), y) s a|y |™. 

Ao.cordiugly it followH from [4| fur values 

[6] ()<|r|<a and l?/|£j|utl that («- €)| a- 1» </(«;■, y)-/(0, 0); 
and from [5] for valnoB 

[7] 0 < I v/| < a and |.r| si 1;//| that {n - e)|y|’^</(®, y) -/(O, 0). 

Since € may nuuU'. smaller than a, it follows in both [6] and 
[7] tliat/(.^i, ?/) —/((), 0) iH poBitivo and consequently that/(0, 0) 
is a proper minimum of /(.^•, y) (see Ktok’s second theorem, § 29). 

If 6\^(0, 0) is a prop(**r maximum of y), then with small 
values of x and y the expressionH ^nC^ 2 (y)> V) 

must be negatives. 

Hence, due to the postulates for values 
0<j.4'j| <5 and |y| |rr|, we have 

and for values 

0 < |y| < S and |*^?| is ||/|, we have 

and in a similar manner as above it follows that /(O, 0) is a proper 
maximum of f(x, y). 

31. Stokes ^ added theorem. If (1^(0, 0) w not an extreme of 
y)f follimmy tmiditwm are mifficient to make it impossible 
that f{0, 0) shindd he an extreme of f{a\ y): if {J) for all positive 
values of x and y smh that |:Kj < S and 0 <\y\<h, or for all 
negatim vaham tmthin the same limits, at least one of the two upper 
limits of y) defined abodes is pc^tive and mi less than a\x\'^ or 

* Stok, p. 218, 
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a\yY respectively, and (5) for all positive valves of x and y such 
that (I<|ie|<S and (9<iyl<S, or for all najative valv.es irithin 
the same limits, at least one of the two lower limits of (r„{.e, y) 
defined above is negative and not greater than. - or - «|//|" 

respectively; that is, if, under the restriction, s jvst made, < (,»•, 
is, positive and negative, or //) « positive 

and y) negative. 

If we limit x, for example, to the interval 0 • • ■ S, and if we 
suppose that the following ino(iualities (l^,{x, <l> 2 (.e)) ~ a\x[" and 
Gn(x, <E>i («))= — a I it! I" exist, it is setat tliat tlu'se two exiiressions 
vanish only for x = 0. 

From [1] and [2] it follows for // d>|(.r) and y ) that 

for values of x within the interval in iiuestion 

/(■«. **>1 (a;)) -/((), 0) < - (a 

and fix, <I >2 ix)) - fif), 0) > (a ~ e) | .<• | «. 

Since we may take e<a, it is seen that in the two exjm'ssions 
just written, the difference on the, left-hand side is in the first east- 
negative and in the second case positive, so that /((I. 0) is not an 
extreme of f{x, y) (vsee Stolz’s fourtli theorem, § 2!)). 

32. The analytic proof given in § :U) of tla^ Seheeffer theorem 
is essentially due to Stok Owing to its importanet' we shall give 
Scheeffer’s statement of this thcortnn with hisgeona-trie ilednetions 
{Math. Ann., Vol. XXXV, .''.5:!). 

The Seheeffer theorem otherwise stated. Let /{x, y) he any 
function as already defimed of x., y wliieh vavh/ies at the ovii/in * 
and let its behavior in the neighhovhood. of this point he snih 
ciently explicit for the detertnviutliov regarding the a/ipearanre 
of extremes by means of power series to be. possiMe ; in other mord.-i. 
we assume that there, exists a power ar" kueh that upon every 
circle described about the origin as emter, whose radius r is not 
smaller than a definite, quantity g, the greatest and the least ealues 
of the function fix, y), vus., /^(r) wml f,fir) far at! points of the 

d Jnfsfoi'!' y1 -/0, 0) in th« plar« y) U, , 1 ... 
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cdrcuiyi ference 
greaMr than 
given above 


of the eirde with radius r, are in absolute value 
ar^K Then in the Taylor-Lagrange development 


tahere V) eonsists of all terms beyond those of the nth 

dmiension, the integral rational function y) behaves m the 

neighborhood of the origin a.H does the function f{Xj y). For, as 
'ive shall show, in> the first place the greatest and the least values 
of both fwncMons correspond with respect to sign for every small 
radius r, a7id from this it follows that there appear simultan- 
eously at the origin eiVtrcmes for both functions, if such extremes 
etJoist ; and secondly, if a' is any quantity situated between 0 and a, 
then tt/pon the circumference of every circle with radms r {within 
a certain limit //') the greatest and the least vahees of the function 
y) arc in ahsolute, value greater than dr^\ and from this 
it follows also that the degree of distinctness that marks the 
behavior of GnX^r, y) is the same as that of f{x, y). 

It iB ovid(‘.nt that wc may rt^plaae and y in the remainder 
term y) ^0' where r in th(‘. radiuB of the small circle 

abt)ut the ori^du within which the point {x, y) is situated; and 
at the saitio time wa may replac'.e all (‘coefficients by their absolute 
values. In this way we have for the absolute value of 

€L 

an u])}K!r limit Ar» ^\ W« Hhall take the radius r smaller than — 
ao that «r'' > Ar" ' ■. 

Hituse /,(/•) and /.^{r) are by hypotheses fp-eater in absolute 
value than «r", it follows from the equation 


that those values of .r, y on the periphery of the circle with 
radius r whitdi give /j (r) and (r), cause (s', y) and /„ {x, y) 
to have the same sign. If/i('r) aiid/ 2 (r) have the same sign, it 
follows from the above expression that the greatest and least 
values of W„(.k, y) have this same sigu. If the two quantities 
fi{r) and f^{r) have contrary signs, the same is true of y) 

for those values of x, y which produce (r) and (r ) ; and 
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consequently for a greater reason the greatest ami least, values 
of G,,{x, y) have contrary signs. 

The second part of the theorem fellows in (he sanuf way if 

we take the radius r not only smaller than hut also s<i small 

■ a a' 

that that is, if we ]iat //' <'iiual to ^ • ami 

take r less than g'. It is then evident that (he values of ,i\ g 
which produce /i(r) and /a(r) when written in the expression 

=/(■>■,'!/)- A’„, 

cause the right-hand aide to he in ahsolule value greater than <t'r" 
when/i(r) and/ 2 (r) have the sana^ sign; ami when these two 
quantities have contrary signs the' e.orrespomling values of 
Gn(x, y) will in absolute value he gnuiter than n'r", ami the 
same must a fortiori he true of the greatest ami the Iwist 
values of y). 

33. If, however, we cannot find nn integer n and a quantity a' 
which satisfy the conditions above, we can make no eonelusiims 
regarding the behavior of the function /(.<•, y) hy means of powers 
series and by using the method indieatcal. For in tliis easi- we 
shall show by moans of simple examjiles which follow this chap- 
ter that in some cases the function <!„{•'’, y) is invariably iMtsitive, 
while /(», y) may be also negative; and in sonu' ease,s y) 

may be both positive and negative while /{.>•, //) retains a eon- 
staiit sign (see Ex. 3, p. (U, and Troh. 2, p. t;2). but if the 
conditions of Scheeffer’s theore.m exist it is seen that tlu> in- 
vestigation of the function /(.r, y) has \nwn reduced to that of 
the function G„{x, y); in other words, the investigation has 
resolved itself into the question; How cnn wf rirogniif ii'hethi'r 
a limit g' and a quantity a' euniit mirh that uinm iirry cirrte 
with Todius T^g^ thi gvialfM aud the Ittmt toIhvh of a giiTii 
integral function of the nth degree (il^(x, y') are in tihmilute ealite 
greater than air'll And how can. we emntuallg Ji.e the niffna of 
these greatest and least values and thereby determine the ewtremen 
of the function (?„ {x, y) ? 

These questions we shall now answer. 
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11. HOMOGENEOUS FUNCTIONS 

34. In the expansion .ot f(x, y)-f{0, 0) suppose that the first 
terms that appear form a homogeneous function of the rath degree 
in X and y which is the function y). With respect to such a 
function there are three cases to consider, according as this func- 
tion is a definite form, an indefinite form, or a semi-definite form 
(see § 13). If we write 

i=n 

G'nCaJ, 2/) =2^ 

it is seen that y) changes upon every straight line through 

the origin proportionally to the ^th power of r. ' If then and 
are the greatest and the least values of G^i^y y) upon the 
periphery of the unit circle, then G^r'^ and G^r"^ are the greatest 
and least values upon any arbitrary circle r. 

The signs of G-y and G^ may be obtained directly through 
decomposing I (ic, y) into its linear factors, which may be found 
by solving an equation of the ^th degree. For we may write 

G^{x, y) = where | = m 

and g (w) is an integral function of the wth degree in u. Owing to 
the fundamental theorem of algebra, g{u) may be decomposed 
into factors which are linear and quadratic with negative dis- 
criminants if we restrict all the coefficients to real quantities; or 
these factors are all linear if we allow imaginary coefficients, the 
quadratic factors breaking up into two imaginary linear com- 
ponents. If these factors are multiplied by the respective powers 
of X, we have the corresponding decomposition of y) into 

its linear and quadratic factors. At the outset it is clear that 
if the degree of G^{x, y) is odd, then and must be equal 
but of opposite sign, since y) changes sign when x, y are 

changed into —x, —y. Furthermore, note that GJ^x, ay) = 
(o'”'Gn{x, y), where ® is a positive quantity. It follows that if 
Gn(x, y) is positive, negative, or zero, then my) is positive, 

negative, or zero. 
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If Q_^(^x, y) is ail indefinite form, there are values x, y which 
give Gn{x, y) a positive value, and other values x, y whicli giv<‘ 
it a negative value. Let h be a positive quantity however siuall. 
It is seen that by a proper choice of « we may find values of ;r, 
y where 1*1 < 8 and | 2 /| < S such that 0'„(*, y) is positive, and other 
systems of values *, y within the same interval for whie.h (l„ (x, y) 
is negative. Accordingly the value a„ {0, 0) is 7u>t an extrenui of 
Gn{x,y)* 

If, however, is even, aud,yir.s’^, if the. linear faetors ol G„{x,y) 
are all imaginary, then (?„(*, y) cannot eliang(< sign nor vanish. It 
is a definite form and the quantities O', and O'.^ have (he saim^ 
sign. If, secondly, there are real linear faetors, and if at least one 
enters to an odd degree, then y) takes hotli signs. 0’„(.r, y) 

is then an indefinite form and the sign of 6', is diil’erent from 
that of G^. If, thirdly, there enter real linear faetors, hut each 
only to an even degree, the form y) may vanish but it 

cannot change sign. It is a semi-delinite form, and one of the 
extremes and G<^ is zero. In this ea.se by a proper <-hoioe of 
CO above it is seen that G„{x, y) vanishes for values of x, y other 
than zero and situated within the interval 8 and {'/i-iS. 
In this case 0) is an improper extreme of (!„{x, ;/) ; and 

the behavior of f(x, y) at the origin (amnot be ree<iguized with- 
out further discussion. 

In all casest except the last a positive ((unutity k' may he so 
determined that upon every arbitrary eirele •/• the greatest and 
least values of the function y), viz., and ai-e in 

absolute value greater than a'r"; for we need only take u' smaller 
than the absolute values of f/, and/j^. In tlawe <’ases (again 
excepting the last) there are found in a sufluuenlly distinct 
manner (in the previous precise sense of the woni, sec § 27) (dtlu'r 
a maximum or a minimum of the furniion (}(x, y), or then! does 
not exist such an extreme. 

The decomposition of <?„(«:, y) inU) its liiuMir factors is not 
necessary, since we may determine the sign of and by 

* Cf. Stolz, p. 222. 

t The discussion is for the most part duo to Hebooffor, Iis'. i-it. 
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means of elementary algebraic operations. For we may determine 
the multiple factors of y) and write this function in the form 

Gn{X, * * * ^2^1^ 

where, in general, is an irreducible factor of the Zjth degree in 
X and y with integral coeflS.cients and denotes the number of 
times this factor occurs. Then by Sturm’s theorem we may deter- 
mine for each such function y) the number of real factors 

and by the number of times such factor is repeated. 

The theory just outlined of the integral homogeneous functions 
offers, owing to the Scheeffer theorem for the general theory of 
maxima and minima of arbitrary functions, the following theorem : 

If in the development of the function /(oj, y) in pov^ers of x, y 
all terms of the first to the {n — 1) th dimensions are identically zero, 
while the terms of the nth dimension constitute a form {x, y) 
homogeneous in x and y, and if, first, G^ (x, y) is an indefinite 
form {which is always the case if n is odd), then on the position 
(0, 0) there is neither a maximum nor a minimicm of the function 
f{x, y); if, secondly, Gfix, y) is a definite form, there enters accord- 
ing to the sign of this form an extreme of f{x, y); if, finally, 
G^iXx, y) is semi-definite, the behavior of the function f(x, y) cannot 
be recognized from the behavior of G^fx, y). 

From this theorem it follows that if /(O, 0) is an extreme of 
f{x, y), the terms of the first dimension of the expansion by 
Taylor’s formula ot f(x, y)-f{^, 0) must be wanting, and conse- 
quently we must have 

/^(O, 0)=0 and /;(0, 0)=0. 

If, furthermore, 

f{x, y) -/(O, 0) = Ax^-\-2 Bxy -j- Cy^^^- B^{x, y), 

then /(O, 0) is not or is (in fact a proper) extreme of / {x, y) 
according as AC — is negative or positive. If this discriminant 
is positive, then f{0, 0) is a maximum or a minimum according 
as A and C (which necessarily have one and the same sign) are 
negative or positive (see •§ 14). 
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But if A(7 — 0, a criterioa regarding an extreme of f{x, y) 
with the help only of the terms of the second dimension cannot be 
had. We must then take in addition terms of the third, fourth, • - • 
degrees in the above expansion of f{x, y) in order, if po.s.sible, to 
satisfy the postulates of Scheeffer regarding the function v/)_ 
In this case we may write, if A is different from zesro, 

/(®. y) -/(o, 0) = ^ y) + v )-^ — - 

where I^, P^,- ■ ■ denote the collectivity of tlic. terms rtispeetively 
of the third, fourth, • • • dimensions in x, y. 

If in this expression we write x — HI, ;// = - - At, it is seen that 

-At) -fid, 0) = A,y>+ A,i*+ ■■■. 

and if the constant Ag is different from z(iro, it is seen that by 
giving positive and negative values to t, the above tuspression 
may take both positive and negative values, so tluit there is no 
extreme of /(», y) on the position (0, 0). 

But even if the first term that appears on tin* right of the 
expansion in t is of oven degree, we cannot c.on(:lud(‘ that there, 
is an extreme, as is illustrated by the classic example of Peano 
(see § 24), viz., /(*, y) = Ay'^+ 2 liu^y + PA. 

Further investigation is therefore necessary when tlm terms of 
the second degree constitute a semi-definito form, ami this c,a8e 
is continued in the following sections. 

III. EXTREMES OF THE FUNCTION >/), JNTEOKAE 

IN a! AND y, WHICn IS NOT IIOMOCKNEOCS 

35. We must next determine whether or not the value G„{Q, 0) 
is an extreme of On{x, y) when this function is not homc^eneous 
in X and y and when the terms of the lowest dimension in 0^{x., y) 
constitute a semi-definite form. We must again raise the tjuestion 
regarding the existence of an expression a'y» which for all sufli- 
ciently small values of r is to be smaller than the absolute vahies 
of the greatest value and of the smallest value of 0„ {x, y) ujwn 
the periphery of a circle of radius r, where r is sufficiently small. 
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In order, then, to acquaint ourselves with the dififerent possi- 
lities which may enter in the behavior of the function Gn{x, y) 
i the point (0, 0), we take a small circle with radius r and seek 
pon it the two positions at which the function G^{x, y) takes 
3 greatest and its least value. Call these values the extreme 
duen of y)- They are found (see §16) by solving the 

tree eciiiatioiiH ^ 


dG 




fi-X;y = 0, 


f'2._ 


Y eliminating X from tho first two of these equations we have 
i equation of tlie nth degree 


dx ' dy 


0 , 


(^) 


I eciuation which is satisfied by all values of x and y which 
fer extreme values of G„(x, y) upon any arbitrary circle r. 

It is known in the tlieory of algebraic functions that every 
anch of an algel)rai(! curve of the nth order which contains the 
igin may be expressed in the neighborhood of the origin through 
, independent variable (/r, say) in the form 


X = + aj^ 4- • • - 1 

. . - j ’ 


(m) 


(1 this expression for the e.urve may be made in any number of 
Kerent ways such that in each of the aeries for x and y the first 
efiiciiotH which is different from zero (in case there is one) has an 
poneut which is s »• It follows that both those branches which 
cliule the origin of the curve {%), and whose points of intersection 
th the eircloH of small radii offer the extreme values of (?„(a;, y) 
ion thuHti circles, may be expressed iu the form (m) through an 
:l(^ponth*nt parameter h, so long, at least, as we remain in the 
imediattj vicinity of the origin; that is, so long as very small 
lues ani* ascribed to We shall call these two branches the 
0 extreme curves of the function <?«(», y)- 
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36. We must next distinguish between the cuiHes (1) when 
(excepting for isolated values of r) the extreme valiuus of y) 

are both different from zero and (2) when one of tliese extremes 
is zero. 

If both extremes are different from zero, tluei tlu‘. (‘xprt^ssion 
y), if we write foi' x and y th(‘. two stnh's (//) whitdi eorix*- 
spond to an extreme curve, will l)(*gin with a U‘rm whi(‘h hu- 
small values of 1. determines both tht^ sign and tlu* onhu’ of magni- 
tude of the entire expression. This ord(‘r is (lu^ /alh ord<T if we 

consider h a quantity of the first onUa*, and it is of ( lu* (h ordm* if 

we consider // the first order, wluu’e // is tlu* sniallt‘st oxponent 
that actually ap})ears in (n). The numh(*r as \vt* saw al»nvi\ can 
at most be equal to u. lia.V(‘. similar (fiiantitics A\ iii\ /x' for 
the second extreme curve. If the two numbers tn and /// ai*c m»t 
])otli even, there can ho no maximum nor minimum of //) at 

the origin, since this function in this cast* changes sigii with /• 
upon ail extreme curve. Tlu*. same is ivw if vi and an* (*v(‘n 
numbers while A and A' have (qiposite signs, for tlu*n tlu* fimetion 
y) shows dilfcrent signs upon the two extn‘nu* enrvi*s. 

If, finally, m and m/ are both (wen whih^ A and A' have* (he sanu* 
sign, then we have a maximum or minimum of GJ,i\ y) act'onling 
as this sign is negative or positive,. 

In all three cases it is (*l(*ar that a (piantity c' and an upin*r 
limit (/ of r may lie so determined that for r- y (lu* vuhu*H 

y) upon Ixith extreme curvt's are evt‘rywlu*rt* in ahsolulc 
value greater than when^ /i is (lu* grea(t*r of tlu* (wo 

numbers — and 

fi /x' 

If, however, the value of y) is invariably zc*ro upon uiu* of 
the extreme curves, there cannot he a nuixiiuinu or nuuitiuun at 
the origin, nor is there an expression rtV of tlie kind recpiiriHl 
above. But this can only occur wlum y) c'ontains a Hquured 
factor which when put equal to 0 dc*(ineB a ival doublt^ c*nrve 
that passes through the origin; for othmaviHc, with tlu* vanish 
ing of (5,^ (a;, y) upon crossing ihe^ c’ircumferen(*e of any <*ircle witli 
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radius r, there must be a change of sign in y). The squared 
factor enters as a factor to the first power in {ii), so that points 
on this curve make 6"., ^(.r, y) identioally zero. 

. In the seciuel wo shall assume that such factors have been di- 
vided out of (<r, y), BO that the (iase in (question does not enter. 

Under this asBumption, which must be tested in every indi- 
vidual c-ase, iluu’e exists, in virtue of the considerations already 
laid down, always a smallest number associated with which a 
(‘.onstant a' and an upp(‘r limit / of the radius r may be so de- 
tmanined that upon (‘veiy circle of radius r</ the two extreme 
values of Ub, (a*, //) are. ii\ absolute value greater than ; and, in 
fact, this number (if the order of r is taken as unity) expresses 
the degree of tlu‘. magnitude of the function y) upon that one 
of the two extrtmu^ ouvxoh upon which this order is the highest. 
If p is at most im|Uu 1 to then for small values of r is oiot 
smaller than and th(‘. two (‘xtreme values of 6r,„,(a5, y) are there- 
fore** certainly gri'aUu' in absoluU** value than aV'' ; hut if jp is greater 
than n, tlam for snuill values of r at least one of the extreme 
values of //) is in absolute value smalhu* than ar’b however 

the constant a may In*, ehostm. 

It is thus H(‘(‘u that in viii\u‘. of the. fundamental theorem the 
hinetion //) uiay lu*. used as a. (‘literion for determining the 

c*xisteuee, of a maximum (»r minimum of the binction f(x, y), 
where f/,, (a p) <‘onsists of tlu‘. tm'ius of the first to the ?6th order 
^*f y) only when the (‘.barat^Xeristic exponent y is at most 
(o //. 

37. If in an t*xample w(^ wished to discuss the function 6bj,(A y) 
in the manner iiulic'uUHl above, we must calculate tlie coefficients 
cjf (ii), whiedi, in general, is a somewhat complicated operation. 
Tim fcdhjwiitg nuXhod hnuls, however, indirectly to the same 
nisult, viz., that of finding the. extnune values of y), and thus 
effera an easy inetliucl ha* the eritenia in ({uestion. The method 
in question i« fimt to make use of the Stolzian tlieorems of § 29, 
and then by applying tlie BcXieefTerian theorem we may reach the 
desired eonelusions. Accordingly we must determine the upper 
and lower limits (»f 6b,(A y) with constant x and |//| = |^| as well 
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as the upper and lower limits of this finuitiou with (‘onstaut y 
mi \x\^\y\. For brevity put G = y). 

The values of y, viz., = whic.h offer 

the first-mentioned pair of limits, fall eitlu^r irifln'n the iiitm-val 
+ x or upon one of tlic entl-vahu^s y ,r ur y :4-.r. 
When they fall within the interval, siiuH*. //) is a oontinuous 
function which has a first derivative with n‘Hpi‘rt in y, i(, in .setai 

that y = audy = 4>2(.r) are solutioiis <>f tlu^ e(juu( ion 0. 

In the second case, wlien they fall uj)on tiu' end-points of tho iiiter- 
val, then y = x or y±= — may off(‘r thi*> dt‘sirt*d limit or limits. 

It is permissible throughout th(^ whole (lis(mssi(»n tt» lix u poHi» 
tive quantity (x< \ as tlie upjKU* limit for |.r|, a is tuktui so 

small that y = ^ 2 (^‘) y— d>|(.r) are eonvtu'gimt neritxH in 


which when substituted in the tajuation ^ ■ 0 identieally satisfy 
it. Furthermore (see § 29), since lim d>j (>/*) and lim ™ 0, it is 

.r * <) ,i' 

seen that no constant term (^an (UiUu' iliest^ (*xprcssi«uiH. 

The method of determining iln^ diffcnml vului‘H of y whi(‘h 

satisfy the equation ^—9 in found in §§ i:i9etsi‘«|. Lot tliest^ 
values be 

(/) 


dy 

f {{■>■), a; 


38. Wo may next sco which of thcw^ fiinctiiiiiH may lii< iicglecttHl 
from the investigation. If /*(•'•) di'HotcH any of iho ftaiuiioiiH 
j^(aj)(f = l, 2, • • •) and if P(.r) hua the form 

(1) JP{x)=sxi‘{a + -jiflt{.r)], wliero p •() and n • C). 

then to any arbitrarily chosen c ' -O there eorres}K>ml» a noaiitity 
S>0 such that there are values l.cj-'S for whiidi (.<•)]•«; 
and for such values of x wo havt» 

(2) |P(‘C)l>l.';'*Hl«j f!. 

If p lies within the interval 0<p< I auil if |./| is further so 
diminished that |a|— s, then from (2) it is seett that 
|P(«)| >|ai|; and consequently .y= F{,r) would fall without the 
fixed interval — .j- j;. We was, therefon!, that any wries whiidi 
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begins with a term , where 0<p<l, may be neglected 

from the number of functions given in {j). 

If, next, /o = 1 and |a| >1, we may take e so small in (2) that 
|a|~ €>1, and consequently \F{x)\>\x\, so that such series may 
also be neglected. 

Furthermore, if one of the series (^) begins with +l-x ot -l-x, 
and if the second term has the same sign as the first, then evi- 
dently |P(a?)| and such a series may accordingly be neglected 
from the investigation. 

39, The remaining series in (i), together with the values which 
correspond to the end-points, viz., yz=z-{-x and y = — x, give, 
when substituted in G(Xy y), the following functions: 

G(x,-x), G{x,+x), G{x,F^{x)), G{x,I>{x)), (it) 

and we have to determine which of these functions presents the 
upper and the lower hmits of the function G {x, y) for the interval 
in question. 

By taking <%(<!) sufficiently small the first term in any of 
the fimctions (ii) is as a rule sufficient in determining which 
will give the required upper and lower limits. Of course, if two 
of the functions (ii) have their initial terms the same, it may be 
necessary to introduce their second and higher terms to determiue 
which furnish the required limits. 

Of those functions whose first terms are negative the one with 
smallest exponent gives the lowest Hmit; and if two series have 
the same negative exponent, the one with greater coefficient 
offers the lower limit. If there is no function in {ii) whose first 
term is negative, then in determining G{x, ^i{x)) we note that 
of those functions whose first terms are positive that one with 
highest exponent offers the lowest hmit; while if two functions 
have first terms with the same exponent, the one with smaller 
coefficient offers the lower hmit. These observations must be 
made with both positive and negative values of x, where \x\<a. 
If one of the functions in. the series {ii) is zero, while the others 
all begin with a positive term, then G{x, ^^{x))=^0, etc. We 
proceed, in the same way in deter mi n i ng G{x, <E> 2 (*))- 
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40. To determine and y), taking .y con- 

stant, we limit x to the interval — y • • ■ + >/■ Denote by 

Qi^)> Qiia/)’ QsQ/)> ■ ■ ■> 

those values of x which expressed in power aerie..s in terms of y 
d(J 

satisfy the equation ^ ^ 

The two limits in question arc to be found among t.lu‘. functioiiB 


the method of procedure being the same as abovt*. 

When each of the four limits */*), etc. has beam deUu*™ 

mined for values of u: within the fixed intervals, the Stolzian 
theorem is at once applicable. If the expansion, say, of r/(,r, <l>^(>r)) 
is • • • and if we may at once, find a 

constant c such that :T:r|r|«* 

and if the same is true of the three, otlua* limits the Seluudrerian 
theorem is at once applicable, 

41. Exceptional cases. If the fun(‘.tion r/ (./•, //) contains factors, 
say x±yj then identically vanishes. Mort‘ gtauu’nlly 

the equations ;?/)==() and 7 ^' rn () may lu^ satisfied by tlu‘ 

c// 

same series y = F{x). In this ease, considered as an integral func- 
tion in y and with arbitrary .r,* the funeXion y) has a nqieattal 
factor, say Q{x, y), which vanishes for //r- /»(.#•), Nh^xt suppose* 
that G{x,y) is decomposed into its irn‘dueible factors //i(*c, //), 
y)> * * give to .a such a vulut*. that each of i\wm 

functions is also irreducible when (‘onsidtaxal as a funetimi td //. 
Furthermore, since by hypothesis a(x^, y):^Q e.ontains a iviieatnd 
root y=zP{x^^ it is seen that two of tlu^ functiems //). 

’ n ®tiy //j and vanish for And sinc‘e 

by hypothesis these functions are both irreduc'ible with regard 
to y, they are identical except as to a multi|)licnitive fador wliicdi 
is independent of y. But as n^{x, y) and y) an* iclemticnl 

in y for an indefinitely large number of values such as .c it 
follows that the coefficients of like powers of y in tliest* t wo 
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functions are identical, so that G {x, y) is divisible at least by the 
square of an integral function Il{x, y). 

If at least one of the four functions, say G{x, vanishes 

tor values of . 1 ; other tlian = 0 within the fixed intervals, while 
for all other values this function retains the same sign, and if the 
other three functions are invariably of this same sign, then(?(0, 0) 
is an mhproper extreme of G{x,y), It follows that as a necessary 
(•.ondition h)v(f{x, y) to have an improper extreme on the position 
,i: = 0, y-^Q, y) must (contain as factor the even power of 
an integral function //(.a, ?y) which not only vanishes for a? = 0, 
7 /^:-r= 0 but also for values .r, y wliose absolute values are arbitrarily 
small. For if, in a(‘.c.or(lan(ie with the above remarks, 
wher(‘. (jf{x, y) contains no root y=: I* which is also contained 
in II (x, y), and if k is odd, then as y passes through the value 
y=s/'(.r) tlu^ function J/^ changes sign and therefore has values 
with oj)posite sign. 


Example 1. Lot . /(a ?/) — 2 h.r^y + r;r'‘ 4* ?/), where a> 0 and 

//) thnioh'H any beginning with t(*nu8 of the fifth order in x 

and //. 

Writing {j\ //) ^ 4- ex'*, it in seen that for x constant and 

|//|Si|‘r|, -•= 2((/// 4- 5 h zero only for y — — - x\ We thna Jiave 

«(• — Ir^ . 




and 


L’ (.r, i; x) — (ur^ i 2 4 * cx*. 


The* hr«t (‘xprennion ofTern tln^ ]oW(*r Hniit, while either 4-^*) or 
(t(j\ — x) offtn’H t a|>p(n* limit. 

We hav(^ three eawm eonnitler : 

fff //J< 0 , Then of tin* two limits one is positive and the other 
ni'gative. It follows tliat (* {0, 0 ) is not an extreme of G(Xf a:), and as both 
limitH bf‘gin with powers of x not exceeding the fourth, the Scheeffer 
theorem Is iippllritbh% whieh shows that/( 0 , 0 ) is nofan extreme of/(x, y). 

(j 8 ) m* > 0 . It follows sinc’e n>0 that e must also l)e positive. The 
two limits just derivfsl are both ixmitlva Continuing we must next deter- 
mine tin* other iwij limits. When // is constant and |ur|S|f/l, we have by 
solving the equation 

0 ^ i. 4 X (by 4" ex^) 

dx ‘ ^ 

X ^ 0 and X =s db -y — ~ 


the two valties 
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If 9 *i: 0 the latter value may be neglected (§ 38), since, th(‘ (‘xpommt of y 
lies between 0 and 1. If h-0 this value coiu(nd(‘.s with th<‘ tirst. 

We observe that each of the functions 

G (0, ?/) = ay^ and ?/, y) - tiy^ + 2 hy^ f c//'‘ 

is positive. It follows from Stolz’s tlK'.onuii that. ^'(0, <0 is a proper mini- 
mum of G(x, y); and sinc(‘, th(‘. powia* of .r or // on the right-hand si(h* of 
any of the four limits is not great(‘r than *1, the ScdicctlVr tln'ormn sliows 
that /(O, 0) is a proper minimum of ./'(a //)• 

(y) ac — From abov(‘. — 0, wliih* tin* otlu'r three* 

limits are all positive. In this caH(^ ^/(O, 0) is an impropn' miiiimnm and 
the Scheeffer theorem is ae/ applicahh*, ho long as we regard (.r, y) us an 
arbitrary power series with initial term (»f (he tiflh «tr liigher <lim<‘UHion. 
(Stolz, p. 235.) 

Example 2. f{x, ?/) = v/2+ ‘dAv/ + e//-)// + //), (n / 0). 

We have here y) — ip -4- (n/-* h 2 hxy -P rip) y. 

Taking x constant and |?/| w('. fmd as a solution of 

= 0 = 2 ?/ 4* (ix^ + 2 hxif + 4* 2 // ihx 4’ vy ) 

dy .... 

y 4 * • • • - ^ (.r), say. 

Forming the finHitions 

G(x, <j[>(:c)) =-— a4 4- ••• and fff.r, 1 x) - [24 i (n «f c)).r« 

it is seen that the first furnishes the lower limit, while om* of the Iasi 
functions offou-s tln^ upper limit. It is (wident that with x takt'U sutrn*ientlv 
smallthese two limits have contrary sign.s, so ihatfrCthO) is nnf an extreme 
of G(x, y). Furthermore, since the lowi'r limit hegtim with a piAver t>f x 
greater than B, the addtal theorem of § Bl is nai applirable. 

Proceeding further and taking y eouHtant and j// , we have m a 
solution of 

d(j 

-^ = 0 = 2 yQtx 4- l>y) (smet' y is taken etmHtitiii) 
a: = -//, whic.h cannot be ctmHider«*d (| BH) 

unless |5|<|a|. Forming the functioriH 

^ y. y) = S'* + • • • ; (,'( i !/) - i/i + ( .( I 2h h r ) ,A 

it 18 seen that both the upper and lower limitH are (Kwitivc. It foll.iwH that 
the added theorem is not applicable. We cannot, therefor.s make a m-Kative 
assertion regarding the extremes of /(*, _//). (Stolz.) 
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x' 




Example 3. f(x, y) = y'^-\- x^y + + R^(x, y). 

In this example we have G (x, y)=^y^ x^y + x^. 

With X constant and \y\^\x\, we have as the solution of 

dG A O I 9 X^ 

dy ^ ^ 2 

We thus have the functions 

~ ± ^) = + • • •• 

With y constant and |a:|^|2/|, we have from 

— — 2 xy + 4: x^ = 0, x^ — — -> 
dx *2 

It follows at once that 

y) = and G(±3f,3/) = /+ •••. 

The value (7(0, 0) is consequently a proper minimum of G(x, y), and as 
none of the above series has an initial term with exponent greater than 4, it 
follows from Scheeffer’s theorem that /(0, 0) is a proper minimum oif(x, y). 
Although there is a proper minimum for /(x, y) = y^-^ x^y + x\ it may be 
shown that G (x, 3/) = 2/^ + x^y has neither a maximum nor a minimum. 
(Scheefer, loc. cit., p. 573.) % 

Example 4. Peano’s classic example : 

f(x, y) = G(x, y) + y), 

where G = y^ (p^ -h q^) o?y + p^H\ 

With X constant and |2/|^|a:|, we have 

— = 2 y— (p^ + q^)x^ = 0, 
dy 

30that y=^X. 

Forming the functions 

= G(x, ±x) = a?±.-., 

it is seen that the upper limit is positive, while the lower limit is negative. 
It follows that G(p, 0) is not an extreme of G(x, y ) ; and as the initial terms 
on the right have exponents that are not greater than 4, it follows from 
the Scheeffer theorem that/(0, 0) is not an extreme of/(ar, y). 
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Example 5. /(a:, 7j) = y) + A\g(a;, //), 
where G(x, y) = xh/ — ^3 x^y^ + (^’V” + //^) h "> 

With X constant and |y|^|ar|, we have from 

~ = 4 xhf — 1) 4* (2 xS/ — 2 la:./ + H //^ — I), 

as a solution (see § 145), 

y = 2 a;=i + ? x^ +...== <^ ( x), .say. 

Forming the functions 

(r(Xy <t>(x)) = — •[ .r*'* + . . . and //(.r, ] .r) : . . ., 

which (see again § 145) ohVr tiu' uj)j)<u* and lower limits of ft{j\ //), it foh 
lows from Stolz^s theorem and tin*. SclusdlVr theonun that neitlnn* (i{j\ //) 
noYf(x, y) has an extreme on the jujaition ,r r.- 0, // .= (). (SidieelTer, lo{\ elt 
p. 575.) 

PROBLEMS 

1. Show that/(0, 0) is a ininimiun of 

/(.r, y) = ;/ + a.-« - 108 ./// -•» .r« 4- .//). (Stol/..) 

2. Writing r/(a;, y) zz f o xh/ + .r‘ + //^ 

/(x, y) zz / _ O ^ 

show that 0(0, 0) is a minimum for the first fumdion hu( timt /‘(O, ii) 
is not a minimum for the second function. Write in tin* latt<w ex/.reHm.m 
y = x^. (Scheeffcn*.) 

IV. THE METHOD OF VK^TOR VOX DA Xl'SOHKR 

42. Instead of oonsidering tho (‘.'c(n>iucH uiion tin- Htniiglit liiu'.s 
through the point y^) we may dorivo cntcriu hir luaxiiiui 
and minima in tlio neighborhood of the. points on these line.s on both 
sides of the point (.a,„ y^) in the »/-])lane. Willi Von Dantseher* 
let the straight lines through y„) ho deiu.li-il by 

(1) V. y • //»+ tip, 

.oa„t „r 

where X and p are real variables such that XH 1 and where p 
IS a real variable which may have both positive and negative values. 

*886 Math. Ann., Vol. XI.II, p. H!(, 
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For extremes of f{x, y) at the point we must have 


/K+ V. yo+ W) -/('^o. Vo) = 0 


f{x^+\p, y„+ ij,p)-f{x^, y^) s 0 


/in case of a maximum 
\pToper or improper, 


/ in case of a minimum/ 
Xproper or improper, 


for all vahies of p of a certain internal 


~-p<p<q, 

while for values p = p or p q the ahove difference not only vanishes 
hut chanyes siyu. 


The thesi.s of Von Dantscher may be stated as follows: "If the 
lower limit, r say, of p in the region I is different from 

y.e.ro, then y^^) is a maximum or minimuiu for the surface- 
neighborhood of the point y^); but if the lower limit of p is 
;^erc), then on the position there is neither a maximum nor 

a minimum of the function f{x, y).” 

The (Uuvisioii as to whether a maximum or minimum exists for 
a given function f{x, y) on a point y^ in whose neighborhood 
/(.r, y) can be developed in integral positive powers of x — x^—h, 
y — = k\ and on which point the first partial derivatives with 

respect to x and y both vanish, is consequently reduced to the 
investigation as to whether the quantity p is different from zero 
or not. 

If in tlie supposed development the ?6th dimension is the first 
whose terms do not all vanish, we write 


(2) /(.«o+ h, y„+ 2/,,) 

= //(/(,, ^) = (//.. h),^^-h(h, • • •, C S 2) 

where {h, k)^ denotes the sum of the terms of the uth dimension 
in h and k, etc;. 

If we write in this expression 

(3) h ~ \p, k = p.p, X^-f- p^=l, 
we have 

(4) g{h, k) - p«[(X, p.),+ p(X, p)„ + 1 + • • •] = p'^Hp ; P-)- 
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The factor p™ may be omitted, since to the value p = 0 there 
corresponds the position A = 0, *=0 itself. The <iuantity r is 
accordingly nothing other than the lower limit of the absolute 
values of the real roots of the ecjuatioii 

(5) <#> {p ; \ = (\ (^> I iP+-- - '■ 

From this the following is at once eviihuit. : 

Case I. If (h, Ic)„ is a definite form. (§ M), that is. one which 
takes the value zero for the one and only pair of \alucs A 0, 
A:=0, which case can only enter when n is even, tlum (\, p.)„ 
is different from zero for all vahu's X, p whic.h are. dillerent 
from zero, and consecjuently |(X, /z)„| has a lower limit / 
which is different from zero. We may, eonseciuently, for the 
region X2 + p2 = i, determine a positive ((uantity t sucli that 
for I /o I T" we have 

{\ P)n ■HP + P-lt t -iP'^ •• 1- 

The equation (5) has therefore no root p whose ahsolult* valuta is 
not greater than r; the quantity r is then^fore (lilfiaHMil From zt‘.ro, 
and there is consequently a maxmmm or minim, tinh aerxmimf/ as 
(h, Jc)^ is a negative or positive form. 

Case II. If (ji, is an indefinite form (§ 13), that is, one 
which for real pairs of values (A, k) takes both positive and nt^gii- 
tive values, then also (X, is such a form. It is then easy 
show that in this case the e(|uatiot\ 

0 = (X, /a)„ -f (X, ip 4” • • s 

in any interval as small as we please »» € < p < c, hm roots tlmt 
are different from zero, and consequently r • 0 and oka f(d\^^y^) 
is neither a maximum nor a minimum, 

43. Case III. We come finally to the $emi-dtfindie eane 
(§ 13); that is', one where (X, k)^ vanishes for pairs of values 
h, k which are different from zero, but does not change sign. 
It contains necessarily real linear factors, and, in facit, t^ach 
one to aji even power. The number n is conacMiuently even, 
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and it follows that (X, is necessarily also a semi-definite 
form, whose factors are, say, 


( 6 ) — h-Jc, hjh — hjc , . . ~ 

BO that {h, is of the form 


[kjh — • • • + lrn)y 

whcn^ Z^, . . /„, a,ro positive integers and (A, 

is a detinite form or a constant. 

To each sutdi linear factor hjh--hjc{(r=l, 2, • . m) of (A, k)^ 
there correBponds a linear factor — of (X, /x),„ where 


\/A^ + 






with arbitrary sign of n/a^+A^, since this constant enters only 
to Bciiiared terms in (A, A).„. If X, fx approach a pair of values 
X^, wln<*b (X, At)„, variislu^s, tlien of the roots of the equation 


^{p ; \ P) — {\ /^)/>.+ (X, + • • • = 0,.- 

un(% or H(5V(U’al l)e(».om(^ indefinitely small. 

Of courst^ vve may exclude the case where all the quantities 
(X, /x),^ j „(i/r;r 1) simultaneoualy vanish; for then (Z>(p; X, /^) = 0 
for (‘vtny arbitrary small value of p, and consequently /{Xq, 
is ntnilmr a maximum nor a minimum. 

We hav<% next to stm whether among the roots of j>{p ; X, p) — 0, 
which htH‘.om(^ imUdiniiely Binall when (X, p),, becomes indefinitely 
small, tliere are mtl roots or not. If no real roots appear, then 
r :> 0 and y^^) is a maximAmi if the semirdefinite form (A, A)„,, 
when it does not vanish, is negative, 'while %t ts a minimum if (Ji, 
is pcmitwe, 

When then^ appear real roots the investigation may be carried 
out as follows : In order to consider the function <^(p ; X, p) in the 
mighborhoad of the |>oint X^, we write 

( 7 ) X^X^+u, 

where % and v are variaVjla quantities. 
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Since \2+ 1 and = 1, we must have 

^2_|_ ^-j- 2 'KffVi H" 2 “ 0, 

where it is certain that one of the quantities 'K„ or is different 
from zero. 

If 0 we have at once from the eciuution just writUui 
v = — — (2 X„». + »-), 


where the positive sign is taken with the root, since from {/) «. and 
V vanish simultaneously. Further, noting the developnu'.nt 


V jx-j - (2 \u 4- iC^) = (y) 

it is seen that 

(8) u — -- -.T ‘tfi — . «•' - 


i \ (2 X,«. + «-)>• 


r'&f 


and if \ 0, 

(9) U: 


l^<r 




2Xi 


Writing these values in <i>(p; X, p), \vi\ have 
4>A^> p) = {\+u, ) 

\ Mcr / « 

+ (x„ + 1*, /*, " It — • . . j 

\ M'a t )I H 

and </)„ (v, p) = (^\-^v , fx„-h v'j 

+(Xo-“ ^‘' t' — • • •, p„+ in /» + ••■, 

which for sufficiently small values of |w| and jpj or of |/’| and \p\ 
are certainly convergent and may be arranged in jMjwers of u 
and p or of 1 ? and p. 

Since (X,,, /*,)„= 0, it is seen that 0)= 0; tht* ease that 
‘#'<r(0) p) vanishes identically may Iss excluded, as has already 
been remarked. 

If pP is the lowest power of.p in ^,(0, p), tho equation <^„(0, p) ~ 0 
has exactly p roots p, which become indefinitely small with u or e. 
We must next see whether there art! real nM)tH among tlH’-st; p roots. 
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If the equation p)= 0 has no real root p which becomes 
indefinitely small with u or v, then for any arbitrarily small posi- 
tive quantity € a positive quantity S cannot be found so small 
that in the interval —€<p<e there is situated a root p of 
p)=0 or of p) which is different from zero and which 
belongs to a value 2 ^ or v in the interval —h<u<h or — S<v < S, 
Hence there exist positive quantities S and e so small that the 
function which vanishes simultaneously with u and p or with 
V and p in the region 

— or — S<.v<.S, — 6<p<e 

takes values that are different from zero on every position u, p 
or Vj p which is different from 0, 0, and these values have neces- 
sarily the same sign. For if p')>0 and p")< 

then with a continuous passage from the* position u', p' to 
the position p^\ which both lie within the interior of the 
realm in question and which passage does not pass through the 
position 0, 0, there must be a position pQ at which p) 

vanishes; but there are no such positions. It follows that 
<^^(0, 0) is itself a maximum or minimum provided the equa- 
tion p)= 0 has no real root which becomes simultaneously 
indefinitely small with u or v. Inversely, it is also true that if 
</)^.(0, 0) is a maximum or minimum of p), the equation 

/o)=0 has no real root which becomes indefinitely small 
with u or V. 

If, on the other hand, the equation p)= 0 has real roots 
which become indefinitely small with u or v, then 0) is 

neither a maximum nor a minimum; and vice versa, if 0) 

is not a maximum or minimum, then in every region as small 
as we wish — or — 8<'y<8, — e</><e there are posi- 

tions u, p OT Vj p which are different from zero and for which 
p) or p) are zero. 

Through the above consideration the criterion whether the 
equation <l>^= 0 has or has not real roots which become indefi- 
nitely small with w or -y is reduced to the investigation whether 
0^,(0, 0) is a maximum or minimum of p) or p) or not. 
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We have, therefore, to apply the criteria of Oases I anti II of 
§ 42 ; that is, to. arrange in dimensions of u and p or of v and 
p and to see whether the terms of lowest diniension form a dcfiniU^. 
or indefinite form. 

This same process must bo applied to tnieb of i.lu* ui n‘al liiu*ar 
factors 2, « • m) that ar(‘. dimu-ent from oiu* 

another (p. 65), it being evidently sullio.iont, siiua*. u and v bo(*onu‘ 
simultaneously indefinitely small, for those linear factors in which 

and are both different from y-(UH) to (amsidtu- only one t)f 
the functions p) P)* 

44 . We have, then, the following rule for (’asi* III : 

If the developments of the fwnetions <jf>{ {//, p)» 

<jf)^(w, p) all login with then //j,) is a 

imum whe7i the semi-definite form> (A, A)„ • 0, while it is tt min- 
imwm if (A, ^ O! 

If only one of the fnnelions (l>ff(Uj p) begins with ttn indefin ite 
fonn, tlufiff^Q, y(j) is neither a instwininni nor a minimum; 

The case renumis undetermined' if among alt the fanetions 
p) begins with an indefinite form , white one or 

several of them login with a semi-defntlr form. 

In this case, for every such function tlu*. abov(‘ pnua’ss must 
be again applied. We do ‘not allirm that by using this nudhod 
a determination may among all conditious 1 k» nuulc; Iml Von 
Dantscher says '‘if the metliod, which has luam (h‘velupt‘d to see 
whether a series //(A, A^) which begins with a wmd-dtdinitt^ form 
has or has not on the position A ; • 0, k 0 a maximum (»r mitii- 
mum, fails, the function //(//, A) eontuius an cvcm pc»wt*r of a 
series PQiylc) which vanishes for real pairs of valutas h, k in iwcry 
region arbitrarily small 0 < |// 1 < 0 < |/r| <: 5 ” (set* § 4 1 ). 

Example 1 . Peano's claHsic (example : 

g (h, k) F »« ( + f) hH' 4 pYkK 

We have here 

<^> (f> ; X, g) — 4* (j^) X^pp *4 p^fX'^pK 

The semi-definite form has tlac linear fmstca p si# that cither 
Xi - 1, p^- 0, or Xj I, p^ r; (I. 
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The corresponding values of k and /t are (see [7] and [9]) 

X = l— ^ fl = V, 

so that <t>^ (v, p) = 1,2 _ (-^2 4. ^2) _ 

The terms of the second dimension in i> and p form an indefinite quad- 
ratic form, so that g(0, 0) is neither a maximum nor a minimum. 


Example 2. Let 


We then have 


(h, k) = — (h — ky + 2 hl^ — 5 + 3 

+ - 7 + 6 ¥k - 10 AS + 

+ 3 AU- 4 - 4 AS 4 - 


<if> (p ; X, /t) XV (X - p,)2 -1- (2 X/x« - 5 XV' + 3 XV^ + XV® - 7 X^p^ -p 6 X®u) p 

+ (-10X® + XV® + 3XV^-4p®)p2-(- .... 

We have here to consider the three linear factors 

}X^\ Xj/x, = X, fX^X X^fX = fXj fX^X — Xg/U. =z X — fl. 

It follows that 

V2' 


Xi 0, fXj^ — 1 j X 2 1, /Xg — 0 ; Xg = ‘ 


To these values correspond the expressions : 

X = w, yu. = 1 — ^ 

/x = V, X = — 1 + 


1 

V2 


We thus have 


X- — + w, /x = — -1 

V 2 V2 

(w, p) = — + 2 up — 4 + • 

p) = — + Q vp — 10 + ■ 

<^g (l4, p) = — 4. |tip — |p2 . 


It is seen that all three of the functions ^ begin with definite quad- 
ratic forms. The semi-definite initial form is negative when it is not 
zero ; and accordingly y (0, 0) is a maximum. (V on Dantscher, ilLa^A. Ann., 
Vol. XLIT, p. 100.) 

PROBLEMS 


1 . Show that g (0, 0) is neither a maximum nor a minimum of the function 

g (A, k) = - 3 h^k^ + h^k‘^ - 3 AF + ^ - 10 m + 5 

(See Ex. 6, p. 62.) 

2. Apply this method to Ex. 3, p. 61. 

3. If (x cos a -h y sin ay, find maximum and mini- 

mum values of s and give the geometric interpretation. 

4. If = 2 a Va;2+ tP' -f y®, find maximum and minimum values of 2 ; 
show that there are improper extremes and give geometric signification. 

6. Find minimum value of u, where w = + y^)^. 
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V. FUNCTIONS OF THREE VARIABLES 
Treatment in Particular of the Semi-definite Case 

45. The theorems and proofs given by Stolz and Schooll’er for 
functions of two variables may be extended at (ine.e to funetions 
of three or more variables. For example, /(.e,,, //„, i.s a propca' 
maximum of /(;c, y, z) if a positive ((uantity B can Ik; so det(‘r- 
mined that for all systems of values 7;, S’, whose absolute vahu>,s 
are smaller than S (excepting | 0 -- r; ~ f), w(( have 

/K+ 1/0+ V, n,+ 0 -/{■% .'/(). ~i.) • - <>• 

If the partial derivatives of /(,/*, ;//, z) have*. d(diuiU^ valutas at 
every ' position of a fixed realm h% the (‘o(irdinates of 

those positions (if any) in E which offer e.xtrerueH (d* tht*. function 
f{x, y, z) must satisfy the e(iuations 


m=o. 

’?/ 

= 0 , 

¥ 

— s 

t 


0 

.. , 


To apply the Stokian theorem we observts if limit ourselveH 
to a position 0 ?^)= 0 = that the (U)Uectivity of jumitionB 

X, y, z for which |y|, \z\ are less tlian S are distrilmted into 
three kinds of realms : * 

(1) always with |a}|<5, constant, and 

|ylS|«)|, |z|£'|.7'|; 

(2) with y constant and |;//|<5, where also 

(3) with z constant and |«|<S and 

\^\^\z\, |y|s|z|. 

To apply the Scheeffer theorem we must (jonsider the differeiuMs 
f y> *) -/(O, 0, 0) = G„ {X, y, z) + It ,, , , (X, y, z), 
as in § 30. 

The case where G„(x, y, z) is a definite or indefinite form is 
treated fully in Chapter V. 

*Stolz, lo<!. clt., p. 2117. 
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46. The case where Gn{x, y, z) is a nonhomogeneous function 
in which the terms of the lowest dimension constitute a semi- 
definite form may be treated in a manner analogous to that 
given in §§ 37-41, as follows: 

We first determine the upper and lower limits of G(Xj y, z) 
with constant x and | 2 :|^|a?|. Geometrically interpreted, 

this realm constitutes a square whose center is the origin and 
wliDse sides are parallel to the ^-axis and the ; 2 ;-axis, the length 
being 2\x\. 

The positions at which G{x, y, z) reaches one of its limits may 
lie (1) on tlie vertices, or (2) on the sides, or (3) within the 
interior of the square. 

We havci, consequently, to form the expressions corresponding 
to the four vertices 


G{x^ X, x), (r{x, X, — G(x, — X, x), G{x, — X, — x). (i) 

For j)()intB on the sides we have to solve for y the equations 

'' ' dy dy ’ 

and for s the equations 

(/ 9 ) 


= 0 and = 

dz dz 


Ijet the solutions of the equations (a) be 

y = Jl(jK), y = m«:), ••• 
and let the solutions of (^) be 

~ ~ (*); * — C?2 {^)> • • •• 

Those fviuetions and (J{x) which cause y and 2 to fall without 
th(( given sciuare are to be neglected (cf. § 38). 

With the rtnuaining functions we form the expressions 

G {X, II (X), ; G (x, X, (ic)). (m) 

For the points within the square we have to determine y and z 
in terms of x from the equations 

= 0 and = 

dy dz 
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If we eliminate from these two equations, we may express y as 
power series in x without constant term, say y = y = 

. . . (§ 29). To each such power series for y, say y = <t>{x)^ there 
corresponds one for 21 in terms of say z-X{x), which two series 
written in the two equations ( 7 ) cause tlunu to vanish i(lentic 4 illy. 
With these values of y and we form tlu‘. tixpressions 

G{x, 0 '(.r, X^{x)), {^Hi) 

Among all the functions that are found in (/), (//), and {Hi) w(^ 
are now able to determine those two whit'h ollV.r tlu^ ^ippor and 
lower limits of the function //, z) within tht». inttu’vul in 
question. These limits may he denoted by 
and G{x, Aj^{x)). 

If, next, we take y constant and \x \ Si |y j, |^| ]//|, we may diu’ivc^ 

in a similar manner the upi)cr and lower limits //, 

and Gr{^Vi{y)j y, M^{y)). Finally, with constant and l-c| r:.;|^|, 
|y|^|a!|, we derive the upper and low(‘r limits 

G(N 2 (^), z) and :). 

The Stolzian and Scheefferian theorems art^ at orua^ applic^ahh*. 
to these six functions in three variables, the mtdhod of pro(U‘dure 
being an evident generalization of these tlieorems for tlie fum^tions 
in two variables. 

PROBLEMS 

1. Make the extension and generalization of Xiyn IhuiiMcdHTH mt'tliod 
to the treatment of funotionn in tiinu* variahlt^H. 

2. In the line of interHeetiou of two given plancm find the nean'i^t point 
to the origin of coordinates. 


CHAPTER V 


MAXIMA AND MINIMA OF FUNCTIONS OF SEVERAL VARIABLES 
THAT ARE SUBJECTED TO NO SUBSIDIARY CONDITIONS 

I. ORDINARY EXTREMES 

47. It will be presupposed in the following discussion, unless 
it is expressly stated to the contrary, that not only the quantities 
that appear as arguments of the functions hut also the functions 
themselves are real, and that the functions, as soon as the vari- 
ables are limited to a definite continuous region, have within this 
region everywhere the character of one-valued regular functions. 
Regular functions are defined in the following manner : A func- 
tion f{x) is regular within certain fixed limits of x if the func- 
tion is defined for all values of x within these limits and if for 
every value a of x within these limits the development 

7 ? 

f{a + h) =f{a) + + j/" («) + • • • 

is possible ; the series must be convergent and must in reality (see 
§ 136), represent the values of the function within this neighborhood. 
In other words: A function f{x) is regular in the neighbor- 
hood of the position a if the function in this neighborhood 
has everywhere a definite value which changes in a continuous 
manner with x. (Cf. Weierstrass, Werhe, VoL II, p. 77.) 

A one-valued analytic function f (x^, ^ 2 ? * * *> 
ahles behaves regularly on a definite position {x^~ a-y, X;^=^ a^^^ • • •, 
— if in the neighborhood of this position we may express 
the function through a series of the form 

. •> ■ ■ ■ (*»- 

where v^, v^, • - are positive integers or zero, and where the 
coefficients A„^, are quantities that are independent of the 

variables. (Cf. Weierstrass, Werke, Vol. II, p. 164.) 

73. 
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The discussion is thus limited to such fimctioiKs as are analytic 
structures of the nature described more in detail in §§ 130, 131. 
Only for such functions can we derive general theorems, since 
for other functions even the rules of the differential (*.alculus 
are not applicable; in other words w(‘. shall (H)nHider only the 
ordinary extremes. 

The problem of finding those values of tlie argunuuit of a 
function f{x) for which the function has a maximum or mini- 
mum value is not susceptible of a (/eueral sohition, for, besides 
the cases of the extraordinary extremes of §§ h 7, tluu‘t» art^ func- 
tions which, in spite of the fact that they may be didiiu^l through 
a simple series or through other algebraic*, (‘xpressions and whii'h 
vary in a continuous manner, have an infinite number of nuixiitia 
and minima within an interval whicli may 1 h‘ taken as stnall 
as we wish.^ Such functions do not c.ome ximlvv the present 
investigation. 

48 . We say (see § 1) that a function /{x) of one rariah/c han 
a proper maximum or a proper minimum nt u defnitc ponition 
X :=a if the value of the function for x a in rca/urtircfjf (jreatcr 
or less than it is for all other values of x which arc miuated in 
a neighborhood as near as wc wish to a. 

The analytical condition that f{x) shall have for thi^ position 
x==a 


a proper maximum, is expressed by f{x) — f{a) < \ j* i j g 

a proper minimtim, is expressed by f{x) -f{a) > 1 ) J " ^ ’ 


In the same way wc say a. function f(x^, x,^) of n 

variables has at a definite position .c,, 

a proper maximum or a proper mmimum if the value of the 
function for .7;^:= ^0^, . . x,p-a^, is rcHpectivcly grcMter 


* A function may have in an interval an HrniiU m we winli 

(1) an infinite number of (Uacontinuities, 

(2) an infinite number of maxima ami minima, 
and still be expressed througli a Fourier serlcH. 

See, for example, H. Hankel, tffiher dlf ufyotUilch ofV mt'UtUtfiHUtOi. anti h tmii-ii itft* a 
Functiomn (Tubingen, 1870); Lipschitz, OrtUh, Vol. LXIII. p. •«.«!; C. ilu 
Reymond, Abh. der Bayer. Akad., Vol. XII, p. S, and lUiio aiima vohimts Part 11, 
Math.-Phys, Classe (1876). 
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or less than it is for all other, systems of values situated in a 
neiqhhorhood , , ^ 

(X = 1, 2,...,^) 

as near as we wish to the first position ; and the analytical 
condition that the function f{x-^, x^, • ^ x^^) shall have at the 

position .^^ 1 = 5^2= ^ 2 , • • •, 0 ?^= a,^ 

a, proper maximtom, isf{x^, x ^, . . a^) < 0, 

proper mimmum, is f(x^, x^, . . x,,)~~f{a^, * * •> ^n) > 0, 

for ^ (X == 1, 2, • . n), where the quantities are 

arbitrarily small. Improper extremes take the place of the 
proper extremes above when we allow the equality sign to 
appear with the inequality sign, as in § 1. 

49. The problem which we have to consider in the theory 
of maxima and minima is, then, to find those positions at 
which a maximum or minimum really enters. 

We shall give a brief r6sum6 of this problem for functions 
of one variable and then make its generalization for functions 
of several variables. 

If Xp .4^52 values of x situated sufficiently near each 

other within a given region, then the difference of the corre- 
sponding values of the function is expressible in the form : 


=f{xi+e {x^ - x^)), 

whoro 0 denotes a quantity situated between 0 and 1 ; or, if 
4 !j is written o(iual to x and x^=x + h, 

[ 1 ] f{x + h)-f{x) = hf'{x + eh). 


From this theorem may be derived Taylor’s theorem in the 


form,* 

[2] fix + h) - f{x) = hf(x) + ^ h^f" {x)+... 


. hn-lf(n-l) (a;\ q. i (X + 0h). 


* Bee Jordan, Gours Analyse, Vol. I, §§ 249-250. 
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In the two formulae last written, instead of x + h write x 
and write a in the place of they then become 


[ 1 “] 

and 

[ 2 “] 


f{x) - /(a) = (a; - a)f'(ct + e(x-a)) 


{n — 1) 1 J 


Since /(ii?) is a regular, and consequently ecnitinuouH, function, 
the same is true of all its derivatives. If /^{n) w diircu’ejit 
from zero, then with small values of t\m value of 

f^(a-^6h) is different from zero and has the same sign as f^{a). 

According to the choice of A, which is arbitrary, tlu\ difler- 
ence /(^)--/(^) can be made to have oim sign or the oj){)osite 
sign, if f{a) is either a positive quantity or a negative (luantity. 
Hence the function f{x) can have neither a maximum nor a mini- 
mum value at the position x = a if /' (a) ^ 0. 

We therefore have the theorem : Extremes uf the fimetion 
fix) can only enter for those values of x for whieh /'(x) 
vanishes (see § 2). 

It may happen that for the roots of the iujuation /'(.r)£a0 
some of the following derivatives also vanish. If ilu^ ath deriva- 
tive is the first one that does not vanish for the root x ^ a, then 
from equation [2^] we have the formula 


f{x)-f{a) = + e (X - «)). 


and with small values of h ~ x — tt, owiiij^ to the continuity of 
/W(a;), the quantity /<") (ft + 5A) will likowise 1 h 5 tUffonmt from 
zero and will have the same sign as /(">(«), If, therefore, n is 
an odd integer, we may always bring it about, according us h is 
taken positive or negative, that the differenct: /(.*')--/(«) with 
every value of (a) has either one sign or the opposite sign ; 

consequently the function / (a:) will have at the position x = a 
neither a maximum nor a minimum value. 
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If, however, n is an even integer, then is always positive, 
whatever the choice of h may have been; consequently the 
difference is positive or negative according as/(’^^(a) 

is positive or negative. 

In the first case the function /(^) has a minimum value at 
the position x = a \ in the latter case, a maximum. 

Taking this into consideration we have the following theorem 
for functions of one variable (§ 3) : 

Extremes of the function f(x) can only enter for the rodts of 
the equation f (x) =0. If a is a root of this equation, then at the 
position x~ a there is neither a maximum nor a minimum if the 
first of the derivatives that does not vanish for this value is of 
an odd degree; if, however, the degree is even, then the function 
has a maximum value for the position x^ a if the derivative 
for x=^ a is negative, a minimum if it is positive. 

50. To derive the analog for functions of several variables, we 
start again with the Taylor-Lagrange theorem^ for such functions. 
This theorem may be derived by first writing in f(x-^y x^,» * •, x^) 
+ u{x^ - a^), (X = 1, 2, . . n), 

where u is a quantity that varies between 0 and 1 ; we then apply 
to the function 

(p) = /(ctj ^u{x^ — a^), a^+u {x^ - a^), • • a^^-u{x^— a^') 

Maclaurin’s theorem for functions of one variable, viz.: 

[3] <^ (^) = <#> (0) + ^ (0) -f r (0) + • • • 

and, finally, in this expression write it = 1, as follows ; 

For brevity denote by fk{^\, ® 2 > ‘ *») derivative of 

/(ajj, Xn) with respect to a:* and by fk„k,{^v ajj, • • •, x^) 

the derivative of f(x^, x;,, • • •, x^) with respect to x^^ and x^^, 
that is, d^f(x„ x,,, • • •, x^) 

f fe,. ^ dxkdx,^ 

* See Lagrange, Th4orie des Functions, p. 152, 


etc. 
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It follows, tKeii, that 

Ic^n 

1^1 

«i)> • • •> 

att4- «™))(*fc,- «*.) K,- %,)}. 


^(m 1) (tj,) == ^ _J (ftj + (ajj — a{), • • . , 

<^w(5u)= 2) ^“(*1- ^i)> • • ■- 

<*»+ 6u{Xj^ ®ii) • • • ***;»>)}• 

Hence, from [3] we have 

^('^) f{^l^ ^25 * ‘ *> ^w) ~ Y 

2 

+ |l {A*,K> ®2> • • •> <**,) A- “0} 




+ 


26' 


771-1 


(^ 1) ! , ..^ fen-1 

W 


Atj, ••*, A:m-i(^l> ^2^ * ■ *J ^7i) 


(%,- ^ifc,) • • • afc._i)} 

• *x, • • •. fc» a^+ (a:„ - a„))(a;j.^ - a*j . • • (x^ - a^) 

Prom this it follows, if we write 26 = 1, that 
f(x^,x^, • • •,«„) -/(«!, 662 , • • •,a„)= 2 ){/fc(«i>“ 2 = • • •>«»)(**-«*)} 

k 

+ Y\ ■l^A. jfex(^i> *2> • • •. ««) (^ife,- “*,) A- ®fc)} 


7^^^ TVi S {A,*.. •••. fe»-i(“l> “2> ■ ■ ■> ■ ■ • 

‘ ’■*”*■ K._.-».._,)} 


2/ {/ili,*2,--'.fc»(®l + ^(^’’l— <*l)) ®2 + ^(^2— “2)> • • •> 

a„,+d{x,,- a^){xj^- aj,J . . . (xj^-a^). 


Ic^i • * * 3 km 
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51. We are not accustomed to Taylor’s theorem* in the form 
just given ; to derive this theorem as it is usually given, observe 
that upon performing the indicated summations each of the in- 
dices & 2 , • • •, independently the one from the other, takes all 
values from 1 to %, so that the Xth term in the development is 
a homogeneous function of the Xth degree in x^ — a.^, x^— a^, 
• • • , — a^. The general term of this homogeneous function may 

be written in the form 


— 2) . Y . (ajj - {x^ - ■ • • (£c„ - a„)S 

D is the definite differential quotient 


where X^ -I- Xj -I- • • • -t- X,i = X, 


_y(x.+ x,+ ... + A,.)(a^_ ^2, • • •, a„). 


/ 8V(a!i, a!2, • • -, a;„,) \ 

dxl^X^>-- . ZxlXr 

and N is the number of permutations of X elements of which X^, 
X 2 , • • • , respectively are alike ; that is, 

2^— ^ 1 ! 

Xi! X 2 ! .-.X^! 

Furthermore, writing a:j— a*= we have, finally, 

, [4:] X ■ ■ ■’ ®n) ■ * ■’ 

} 


k—n , 
k=l 


/df(x^, x^, ■ ■ 

•> ^•r) 




K 

ttj? * * * 5 


4- 


ly rpy(^i. ^2» • • •> I 


X, + Ag +• • • • + An “ w “ 1 f 'I 


+2, 

Ai> Ag, • • • , An 

Ai+ Ag + • • • •+ An”= / 


r 


4 ---- + An»Wr . 

+S • • ♦.«n+gK) x^!X2!---x;i r 

y • • • It 

•Stolz {.Qran&zuge der I>W’ereiUial undlrMgraMnuy.p.m 
years before the Mayer paper. 
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This is the usual form of Taylor’s theorem for fuuctious of several 
variables. In particulp, when m = 1 the above development is 

[5] /(aij, iCj, • . •, «„) -/(«!, S. • • •' 

= • • •, l<,i.+ 

k2i 

The function /(*p • • •, »:«) is regular and continuous, as are 
consequently all its derivatives. If, therefore, tlu» first deriva- 
tives of /(Xi, JCjj • • •) *«) ®'re all, or in part, -"() for .Cp-- u,, • - 
£B^=a„, then they will also be different from zero fur it ^ + ()/l 
. . £c„=a„-f-(9A,u where the absolute values of /'.j. have 

been taken sufficiently small; these dorivative.H will also be of the 
same sign as they were for a;j= a,, tt.^ • • •, u„. If, now, W(i 

choose aU the h’s zero with the exception of oiu% which may he 
taken either positive or negative, it is sism that whim the corre- 
sponding derivative has either sign, we may always bring it about 
at pleasure that the difference 

®2> ’ " "> ^») ' ’ ’’ ’bi) 


is either a positive or a negative quantity, and consequently at 
the position osj, a^, • • •, a,, no extreme value of the function is 
permissible. 

We therefore have the following theorem : 

Extremes of the fimetion f{x^, •'») eiitvr fur 

those systems of mhms of (Zj, aij, • • -, «■„) whir.ti at thr same time 
satisfy the n equations (p. 17) 

i/_o .!/_o 


[ 6 ] 


dx^ 


0 , 




0 , 


(ix. 


(). 


It may happen that for the common roots of the system of 
equations [6] still higher derivatives also vanish. In this case 
we can in general only say that if for a system of roots of the 
equations [6] all the derivatives of several of the next higher 
orders vanish, and if the first derivative which does not vanish 
for these values is of an odd order, the function, as may be 
shown by a method of reasoning similar to that alM)ve, has 
certainly no maximum or minimum value. 
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52. If, however, this derivative is of an .e^.ction /(^i, m 
present state of the theory of forms of the nth. order in several 
variables there is no general criterion regarding the behavior of 
the function at the position in question. Tf^e therefore limit 
selves to the case where the derivatives of the second order of the 
function f{x^y • • •, xf) do not all vanish for the system of 'recti 
roots ^ 2 , . . ., of the equations [6]. 

In this case we have a criterion in the formula 
[7] /(^i, ^^^2, • • •, xj -^fia^, . . ., aj 

- A, ^ I- \ , a. + 9hn^ 

by which we may determine whether f{x^, * * •> ^n) has an ex- 
treme value on the position <^^ 1 , * * *> ^n> since we may determine 

whether the integral homogeneous function of the second degree. 


dxfdx^ 


d-l + 9lly^ * * • 5 dn + Qlln 


}■ 


in the n variables h-^^ ^ 2 ? * * is for arbitrary values of thiose 
variables invariably positive or invariably negative. 

Denote this function by /x^K+ Oh^, Oh^). 

On account of their presupposed continuity the quantities 

/ ay(a;„ a;^, . • a;J \ 

\ dX),dx^ /«,+9A„...,a„+9A, \ Sx^dx^ 

with values of h-j,, /z/g, • • *, h^ taken sufficiently small differ from 
each other as little as we wish and are of the same sign ; ^ hence 
with small values of the A^’s the functions 

dxfdx,, 


and 


ZtW ^X^dx^ / 


.» • • •» dn+Ohn 


} 


have always the same sign, and we may therefore confine our- 
selves to the investigation of the latter function. 

— 1 becomes zero, we may replace 

/ai,...,an 


* If any of the quantities i 


\ dX^dXfj, /Oi, 

it by exjLi(ai> • • • , a,i), which must of course be given the same sign as fKy(ai-h , 

On + ^K ) » ^ky denoting an infinitesimaUy small quantity. * 
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if "il® usual forjT'tjirough a suitable choice of h-^, h^, 
the: expression 


K 


r/ ^y(^i» ^2> 
;41V dx^dx^ 


»«) 


) KK I 

• • • » an-' 


can be made at pleasure either positive or negative, the same will 
be the case with the difference f(x^, • • •> ^ri) — ^n)y 

and consequently ^ has on the position (a^, ag, - • • , 
no extreme value. 

We therefore have as a second condition for the existence of 
a maximum or a minimum of the function /(^i, x^) on 

the position (a^, <^2, • * *, <^71) that in case the second derivatives 
of the function f(x^, x^, • • •, x^) do not all vanish at this position, 
the homogeneous quadratic form 

‘A } 

. X,jx On-' 


must be always negative or always positive for arbitrary values 
of h-^, • • •) 


IL THEORY OF THE HOMOGENEOUS QUADRATIC FORMS 

53 , The three kinds of quadratic forms, viz., definite, semi- 
definite, and indefinite, were defined in § 13. 

As we have already indicated in § 13, it is seen that if the homo- 
geneous function is dJi indefinite form, the function ^2^ ' • *> ^n) 
has neither a maximum nor a minimum upon the position (<z^, 

• • • , ; for if the right-hand member of [7] is positive, say, for 

a definite system of values of the A’s, then in accordance with 
the definition of the indefinite quadratic forms we can find in 
the immediate neighborhood of the first system a second system 
of values of the A’s for which the right-hand side of the equa- 
tion [7] is negative ; consequently, also, the difference 

/(^i, iTg, . • x^) -/K, ag, . . 

is negative, so that therefore no maximum or minimum is permis- 
sible for the position {a.^, 
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If, then, the second derivatives of the function /(^i, 
do not all vanish at the position (a^, a^, • • •, a^), it follows, besides 
the equations [6], as a further condition for the existence of an 
extreme of the function f{x^y x^, • • •, X 2 ) that the terms of the 
second dimension in [4] must he a definite quadratic form, if we 
exclude what we have called the semi-definite case. 

The question next arises ; Under what conditions is in general 
a homogeneous quadratic form 

[ 8 ] x^,. . 

X, tL 

a definite quadratic form? 

54. Before we endeavor to answer this question we must yet 
consider some known properties of the homogeneous functions of 
the second degree. 

Suppose that in the function (i>{x-^y x^, • • •, x,^), in the place of 
(Xp X 2 , • • •, Xjj), homogeneous linear functions of these quantities 

[9] (x=i, 2 , . . 

are substituted, which are subjected to the condition that 
inversely the x’s may be linearly expressed in terms of the y’s, 
and consequently the determinant 

^'IV ^ 12 ’ * * hn 

[ 10 ] ^11^22 * * ' ^ 0 . 

The function (l>{Xp X 2 , • • •, is thereby transformed into 

[11] ^{Xp X 2 , • • •, '^(2/n y2> * • yn)- 

Owing to this shbstitution ih may happen that ^ 2 ** * Vn) 

does not contain one of the variables y, so that (j>(Xp 0 ^ 2 , • • •, x^) 
is expressible as a function of less than n variables. 

S 
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To find the condition for this write 

[12] = (X = l, 

If i/r is independent of one of the y’s, siiy y,,, so that conse- 
quently ^ 


[13] e=i.3,---,- 

we may eliminate the n — 1 unknown (luantities 


dyjr 

’’ ^yn-l 
[14] 


n) 

f^xjr (J-yfr 

We thus have among the <f>'H an efiuation of the form 

(A n 




lA 1 


where the A’s are constants. 

Owing to equations [12] this means that the determinant of 
the given quadratic form vaiuslu^s, that is, 


[15] 




0 . 


We note here the following formulas : 


[16] 


2^ ^2> * * '? 
A 

s A 


and consequently 

[17] 


A. fA 

'4t) ‘^*A I" ^ X/ 

A, fi 


There exists, further, the well-known Euler*» tlmorem for homo- 
geneous functions: 

[18] X • • •> • • •> 

A 

It is also easy to show reciprocally that if, as al)ove, the equa- 
tion [16] is true, the function ^ consists of less than ii variables. 
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For if we assume that equation [15], or, what amounts to the 
same thing, an identical relation of the form [14] exists, and if 
we substitute in • • •, the quantities in the 

place of a;;^(X = l, 2, - • n) and develop with respect to powers 
of t, we then have 

('^1 + ‘^*2 * ■ * > d " 

= <#>(«3i, • • •, X„) + 2 t x ^, . • •, x,^} 

+ t^4>(k.^, h„). 

It follows, when we take into consideration the equations [14] 
and [1(S], since the equation [14] is true for every system of 
values (jJGp • • •, .n„,), that 

= <j!>(aJi, - • *, x^). 


Hence, if the equation [16] exists, or if the k's satisfy the equa- 
tion [14] for every system of values {x^, x^, • • x^^), then 

• • •, remains invariantive if x^-\-tk^ is written for 
x^, wlierci t is an arbitrary quantity. 

(Jouacuiuently, it being presupposed that k^-^0, if t is so 
detenu incd that the argument x^,-^tk^=0, we have 


( k k 






+ 1 ■ 


l»i±i , 




where 4^ is expressed as a function of less than C variables. 
We therefore have the theorem i: 

J%e vanishing of the determinant '^± the 

imxssary and Huffix/\ent condition that a homogeneous quadratic 
function 4{x^, x^, ■ . - , x,,)^^A^^x^x^ he expressible as a func- 
tion of n--\ vaiiahles, :j: 


55. We return to the question proposed at the end of ^^3, 
and to liave a definite case before us assume that the pfoldenris : 
JDeterntine tjie condition under which the function * ‘ 

is invariably positive. The second case where • • •> 

is to be invariably negative is had at once if — is written in 


the place of 
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We shall first show, following a method duo to Weierstrass,* 
that every homogeneous function of the second degree 
. . Xn) may he expressed as an aggregate of squares of linear 
functions of the variables. 

56. In the proof of the above theorem it is assumed that 

(/)(ai, • • •, x,^ cannot be expressed as a function of n 1 

variables; it follows, therefoi-e, tliat tlie, imapiality 

[ 20 ] 

is true and that therefore it is not possihliH to dt*tenniiu‘ con- 

■] n 

stants k, so that the equation d cxihIh identitnillv. 

<1 

If, then, y is a linear func-tion of the havini^ tln^ form 

[21] y== H- V.2 + • • • + . 

and if g is a certain constant, then tlu‘. expression <}> 
say), after the theorem proved above, am 1h‘ (‘xpressi^l us u 
function of only variables if tlu‘. (siastauts /rj, 

may be so determined tliat 

A -I 

or 

[22] :: 0. 

A..1 A I 

I'rom the assumptu)u made regardin^^ [20] it billows, on tlu» 
one hand, that the inequality 

[ 23 ] 

A 

mirst exist. This is the only restriction plactxl upon the c's. On 
the other hand, in virtue of the n linear tHiuatioua 

[24] - (X=l, 

* See also Lagrange, Mhc, Taur,, Vol. I (1759), p. IS, anti Vn\. L i>. 5; 

Gauss, Duq. Arithm., p. 271 ; TheoHa Gom5. Ohmrih, p. 51, iu<*. 
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1^0 SUBSIDIARY CONDITIONS 

the quantities ^25 * * ‘j ‘^n. may be expressed as linear functions 
of (^ 2 ? * * •> <Pn> and, consequently, by the substitution of these 
values of * * *> m [21] y takes the form 

»'=! 

where the are constants, which are composed of the constants 
and C;,. - . 

But from equation [22] it follows that 

1 ^ 

y = -~ 

9 ^ Va 

Such a representation of the however, since we have to do 
with linear equations, can be effected only in one way. 

/x = ?l, 

We therefore have y 

from which it follows that 

fiz=n 

= 2 ^ Vm (^ = 1. 2, • • •, n). 

M = 1 

Through the substitution of these values in [22] it is seen that 

A = 91 A=)i 

A=1 A=1 

consequently, owing to the relation [25], we have 

[ 26 ] 

A = 1 

This value of g may be expressed in a different form; for from 
[25] and [17] it follows that 

, v—n v^n 

[26^] y ==y. ^ 2 > * * *> ^ 2 ? * ’ '> 

v = l *'==1 


=TeA</>A 

ff - n A 


A = 1 
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Comparing this result with [21], we have 
[27] ^n) 

and consequently 


[28] 

or, from [18], 


A-l 


I 


Since the quantities Cp • • *, perletily arhitraiy 

the one restriction expressed by the in(‘(|uaiity (2;i|, tlu^ (pi 
hy * **» consequence of the e([uatuui [27], eon; 

arbitrary with the one limitation resulting from [2H|, v 
function cannot vanish for the system of values . 

otherwise g would become infinite. 

57. ReciiJrocally, if the (piantities are nrli 

chosen, but with the restriction just uumtiomHl, and ' 
determined through [28], it may be provtal that tlu^ I'xi; 
<j>{= (l> — gy^), where y has the form [25], may be <‘xpr(^ 
a function of only 'a — 1 variahl(‘s. For, form tlu* dm'ivaf 
this expression with respect to the difftu’ent variables, and ir 
each of the resulting ([uantities l)y the eonstuuts 
Adding these products and noting [2(7'] and [2H|, we havi 


The expression on the right-haiul side is zin-it from [2f>j. 
n constants may be chosen in suc.h a way that Um sum 
products of these constants and the derivativiw of tim exj: 
4) — gy^ is identically zero, and also • • •, <•„) . ■; f) (i^l 
58. Substitute for 2, •••, n) in if 

these arguments is made tuiual to zero, we havts as in § f 


(f> (ajj, as,, • • •, x,^) — 

= ^x^-^x^:,^■■,x,^- 0, t j 



or, if the new arguments are represented ly 

g^ » j, x/p • * *1 
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Employing the same method of procedure with ix\y 
as was done with ^^ 2 ^ * * *3 come finally to the func- 

tion of only one variable, which, being a homogeneous function of 
the second degree, is itself a square. Hence we have the given 
homogeneous function expressed as the sum of 

squares of linear homogeneous functions of the variables. If the 
coefficients of ^ are real, as also the quantities e, the coefiScients g 
are also real, and since the quantities e may with a single limi- 
tation be arbitrarily chosen, it follows that a transformation of 
such a kind that the result shall be a real one may be performed 
in an infinite number of ways.^ 

59 . If, now, the expression 

[29] + ^2^1 + * * • 9nyn 

is to be invariably positive for real values of the variables and 
equal to zero only when the variables themselves all vanish, then 
all the qualities 9n i^iust be positive; for if this were 

not the case, but say, were negative, then, since the 3 /’s are, 
independently of one another, linear homogeneous functions of the 
we could so choose the a?’s that all the y’s except y-^ would 
vanish, and consequently, contrary to our assumption, 

• • would be negative. Furthermore, none of the ^’s can vanish ; 
for if say, were zero, we might so choose a system of values 
which at least not aU the quantities • • -^x^ 

were zero, that all the ^/’s would vanish except y-^y and consequently 
(p could then be zero without the vanishing of all the variables 

Reciprocally, the condition of 9i, 92 >- • 9n being all positive is 
also sufficient for p to be invariably positive for real values of 
the variables, and for p to be equal to zero only when aU the 
variables vanish. 

60 . In order to have, in as definite form as possible, the ex- 
pression of <;() as a sum of squares, we shall give to the expression 
[26] for g still a third form. 

^See Bunjside and Panton, Theory of Equation (1892), p. 430. In this connec- 
tion it is of in\I:erest to note the Theorem of Inertia of Sylvester, Coll, Math. Papers, 
Vol. I, pp. 380, 611. See also Hermite, (Euvres, Vol. I, p. 429. 
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lu connectioa with [12] it follows from [27] that 

dv = ^ (v = 1, 2, • • ■ , n). 

Denote by A the determinant of these equations, which from [20] 
is not identically zero, that is, 

[30] 

We have as the solution of the precediii^^ e(|uati()n 




l 2 , . . u). 


It follows from this in conneotiou with [2()| that 


[31] 




A 



ail expression in which the c’s ann subjeti only tt> the <nu‘ (U)u> 
dition that 

is no( identically zero. 

61. It is shown next that we may He.jiarate from 

• . x^) the square of a single variables in sudi a way that tin* 

resulting function contains only n 1 vuriahl(*s. 

For example, in oi'der that the (‘xpressiun ^ be (^xprenmnl 

as a function of 71 — 1 variables, we may choost^ for t/ tins value 
[31], after we have written in this expressifm r^«0(X=l, 2» 

• • •, n. — 1), while to is given tht‘. valut‘ 

From this it is seen that 

A _ A 

'' ’ 

^ A ffff 




dA 




Am 


where is the determinant of the quadratic form 

0). Of course this determinant must \m different from zi^ro. 
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where 


-^1 




On 

/>* /y> __ ^ /y> 

*^ n ) *^2 




'n — 1' 


_2L=i 




We may then proceed with (f> just as has been done with ^ by 
separating the square of etc. 

After the separation of fi squares from the original function 
we notice that the determinant of the resulting function in jju 
variables is the same as the determinant of the function which 
results from the original function when we cause the last 
variables in it to vanish. If this determinant is denoted by A^, 
we have the following expression for <f > ; 


* * *> ^n) 

= T ^ + • • • + («=,(«-2))2+ 

•^1 ^2 At-l 


62. If now is to be invariably positive and equal to zero only 
when all the variables vanish, the coefficients on the right-hand 
side of the above expression must all be greater than zero. We 
therefore have the theorem 

In order that the quadratic form 

X2f • • •> X^) 

A, ^ 

he a definite form and remain invariably jqositive, it is necessary 
and . sufficient that the quantities A^, A^, ^ which are 

defined through the equation ^, 4 = 2 )=^ Ai ^22 * * ' ^n--ix,n-tJLi 
positive and different from zero. If, on the other hand, the quad- 
ratic form is to remain invariably negative, then of the quantities 
A^_ 2 , • • negative, and the following 

mus\^ be alternately positive and negative (see Stolz, Wiener Bericht^ 
Vol. XVIII (1868), p. 1069). 
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III. APPLICATION OF THE THEORY OF QUADRATIC 

FORMS TO THE PROBLEM OF MAXIMA AND MINIMA 
STATED IN §§47-51 

63. By establishing the criterion of the previous section the 
original investigation regarding the maxima and minima of the 
f unction is finished. The result established in § 57 
may in accordance with the definitions given in § 52 be expresatHl as 
follows: In order that an extreme of the funcMan 
may in reality enter on the ^position (a^ a,) which in deter- 

mined through the equations [6], it is mijfkienty if the second 
derivatives of the fimction do not all vanish at this position^ that 
the aggregate of the terms of the second degree of the equation [4] 
he a definite * quadratic form ; if however, the fmn vanishes for 
other values of the variables without chmiging sign (that is, is $ml 
definite), then a determination as to whether an extreme in reality 
exists is not effected in the manner indicated and requires further 
investigation, as is seen below. 

In virtue of the theorem stated in § 53, an extreme will enter 
for a system of real values of the equation [(>] if the homogeneous 
function of the second degree 



dXi 


■ • •> 

/ 


KK 


}■ 


that is, if 


^(aj, 


is a definite quadratic form ; in other wonls (§ 62), thm unll he. a 
minimum on the position {a„ a,,---, a„) if the qmtimts 




wAere all positive., a maxi- 

mum if they are all negative. In both cases the ([uotients must be 
different from zero. 


‘laagrange, TMorie des FonotioTU, pp. 288, 286; aim Caaehy, Vale. t.iffSr., 
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This last condition is only another form of what was said 
above, viz., that must oiot be a semi-definite form. 

For if, say, 

^0 = 2^ ^/ll/22 ' • * fnn^ 9, 
then the summation being denoted by 

A, M 

this equation would directly imply the existence of a relation of 
the form 

^K<i>vQ^v ^ 2 > * • 9 , 

V 

where the are constants which do not all simultaneously vanish-. 
If, therefore, say, is different from zero, we may write 

1 v=n~l 

= - j- § K4>., 

and with the help' of this relation we have from the equation 

\=n-l 

* ‘ 2 / * * *> ^ 11 ^ 71 + 2 / 

A=1 A^l 

the following relation 

A=71-1 / k \ 

<^(^1, 7^2, • * *, 7i/^)= 2) ^a(^i> ^2> ’ * ^7i) \^x 

Now in this expression the arbitrary quantities h may be so 
chosen that ^ 

(x=], 2, • . -m), 

and consequently the function ^ti) vanish 

without all the A’s becoming simultaneously zero. This case we 
cannot treat in its generality. 

Neglecting this case, it is seen that the problem of this chapter 
is completely treated ; however, the conditions that a quadratic 
form shall be a definite one appear in a less symmetric form 
than we wish. It is due to . the fact that we have given special 
preponderance to certain variables over the others. 

We shall consequently take up the same subject again in the 
next chapter. 
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64. The question is often regarding the greatest and the least 
values (the upper and lower limits) which a function may take 
when its variables vary in a given finite or infinite region. If 
tliis value corresponds to a system of values within the given 
region, then for this system the function will also be a maximum 
or a minimum in the sense derived above. 

For example, let it be required to distribute a positive number 
a into %-\-l summands, so that the product of the a^t\\ power 
of the first, the ^ir 2 th power of the second, etc., and finally the 
+ i of the last summand will be a maximum.^ 

The quantities + i to be positive numbers. 

Let • • •) ^ ““ ^ 2 “ * * * “ the summands in 

question and write 


C7"= » • . x^”-{a — — 

We must then determine when U or, what is the same thing, 
its natural logarithm, has its greatest value. 

If we put the partial derivatives of log U equal to zero, we will 
have 

= 0, 


d log Z7__ 




dx^ 

dlogU 


> — X,, 


^ + 1 


dxo 


a — X-, 


' — 


’= 0 , 


^logU <K 

«« a-x^ 

These equations may be written 


^1 _ ^2 _ _a — x^— — x,^^ a 

^1 ^2 ^n + 1 + ^2 “h * * * “b + 1 

the last term being had through addition of the preceding 
proportions. 

If we call x!f^y x^\ • • •, x^^ the values of the variables which 
satisfy these equations, we have 


.(o)_ 


Xh 4 - 




//.+i 


y.(0) . 




* Peano, § 137. 
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The corresponding value of U is 

Ji ( o )= a ‘' i + •••+“"+1 • • • ^”+1 

To recognize wliether is the greatest of the values of Z7, we 
may show that C/” is in fact a maximum for the system of values 
• • • , and that this position lies on the interior of the realm 
of variability under consideration. For, let 

other system of positive values of the variables, for which also 
a — — • • • — is positive, and substitute for the variables in 

log TJ the values 

xf^ 4- — 3cP ), . . where 0 < 'W' < 1. 

Since the partial derivatives of the first and second order of log U 
are continuous for all these systems of values, we have through 
the Taylor development, observing that the first derivatives vanish 
on the position x^, • • 

, 

{a — 3^'^ — 

where • • • , x^ are values of the variables of the form 
of + 0 (iCj - xf>), ■■■,x^^+e (»„ - a;® )> where 0 < ^ < 1. 

The expression within the brackets is positive and different 
from zero, since it is assumed that the system of values Xj^, x,^, 
. ■ x.,,, do not coincide with a;®, x®, • • x^^. It follows that 

log U < log Uf, or U < Uq, so that is, in fact, the greatest 
value which U can assume. 

We note that U takes a smallest value, viz., zero, if one of the 
summands into which a is distributed, vanishes. If we allow the 
summands to take negative values, it no longer follows that Uq 
is the greatest of the values U. 
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THEORY OF MAXIMA AHO MINIMA OF FUNCTIONS OF SEVERAL 
VARIABLES THAT ARE SUBJECTED TO SUBSIDIARY CONDITIONS. 

RELATIVE MAXIMA AND MINIMA 

65. In the preceding investigations the variables 
were completely independent of one another. 

We now propose the problem: Among all nydems of ^)alues 
x^^) find those which cause the function x ^, . . 
to have maximum and minimum values and which at the same 
time satisfy the equations of conditions : 

[ 1 ] fK{px> * * *> 0 (X = 1, 2, • • ‘in , 9/1’ "^n^f 

where • • •, x.,t) and F{x^, • • •, xf aix functions of the 

same character as f{x^, x^, • • •, x^^) in § 47. 

66. The natural way to solve the problem is to exi)re8S by means 

of equations [1] m of the variables in terms of tlie remaining 
n — m variables and write their values in F{ie^, x\^). This 

function would then depend only upon the n — m variables which 
are independent of one another, and so the present problem 
would be reduced to the one of the preceding cliapter. 

In general, this method of procedure cannot be readily per- 
formed, since it is not always possible by means of e(|uations [1] 
to represent in reality m variables as functions of the n — m remain- 
ing variables. A more practicable method must therefore be sought. 

67 . If (a^, a^, • * a^) is any system of values of the quantities 

x^, x^, • • •, which satisfy the equations [1], then of the systems 
of values ^ , 

^1+ /h, ^2= ^n+ K)^ 

in the neighborhood of • • •, only those which satisfy 
the equations [1] may be considered; that is, we must have 

[2] fxi^i + hp + a^+hn)^ 0 (X = l, 2, • • •, m). 
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Heuce by Taylor’s theorem the h’s satisfy the eq[uatioiis 

fJLzazU 

[ 3 ] “ 2 » • • •> “») K) + [K K • ■ •. K] a " = 0 

(X = 1, 2, . . m), 

where [Aj, A 2 , • • *, denotes the terms of the second and higher 
dimensions in the respective variables. 

68, It being assumed that at least one of the determinants 
of the mth order which can be produced by neglecting 71 — m 
columns from the system of m • n quantities 


[4] 


f 

f 2V f22> ' * 


i. f f i 


w2> ' 


•Jm 


is different from zero, then (see §§ 135 and 136) m of the quan- 
tities A may be expressed through the remaining ^ m quantities 
(which may be denoted by * 2 , • • •, in the form of power 

series as follows: 


[5] A;,:=(Aj, h ^, . . (Ap A 2 , ■ 


*? * 

(X = l, 




where the upper indices denote the dimensions of the terms with 
which they are associated. These series converge in the manner 
indicated in § 136 ; they satisfy identically the equations [2] and 
funuRh, if the quantities Aj, Ag, • • •, are taken sufficiently 

small, all values of the m quantities A which satisfy these 
ec illations. 

69. The condition that one of the determinants in the preced- 
ing article be different from zero is in general satisfied; there 
are, however, special cases where this is not the case. A geo- 
metrical interpretation will explain these exceptions. 

Let F and an equation of condition / = 0 contain only three 
variables and 

The equation of condition f{x^, x^, x^ = 0 represents then a 
surface upon which the point {x^, x^, x^) is to lie and for which 
F(x^, %) is to have a' maximum or minimum value. 
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The determinants of the first order in the deA’elopnumt 


/(^i "h ^3 ^^'s) ^h) 

with respect to powers of hp li^ and cannot all be equal to zero ; 
that is, all the terms of the first dimension cannot vanish, the 
single terms being these determinants; and this means that the 
surface /=0 cannot have a singularity at the point in (|ii(‘.stion. 

Take next two equations of condition = 0 andyi^^-O bedwtum 
three variables Xp Xc^, and x^. Considered togethm* tlu^y repn^scmt 
a curve, and the condition that the corresponding determinants of 
the second order cannot all be zero means here that the ('iirve at 
the point in question cannot have a singularity. 

70. If the values of the m quantities //^ are substituted in the 
difference v r., ^ . 


this expression then depends only upon tlu^ n tn variabh^s 
hp ^ 2 , • * •, independent of one nnotluu* and may 

consequently for sufficiently small values of tlu‘se vuriabhss b(‘ 
developed in the form 


[6] F{Xp t (^q, (t,p • • •, 

= X — • 

. p '^p, tr 

It was seen (§ 61) that, in order to have a nmximnm or minimum 
on the position («j, n„), it is nwHSHHiiry that tlm torms of 

the first dimension vnnisli, and <a)nHf'.(|iu‘ntly 

[7] 6;=0 (p--:. m). 


71, This condition may bo easily exprossod in another tnanmu-. 
We may obtain the quantities e if, in the devolupmont 


»2> • • • - 7'’(rtn *a. • • - , «») 

+ b X + • • • . 

we substitute in the terms of the first dimension the values of tlm 
m quantities from [5] and arrange the result lu'cording to the 
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quantities k^, k^, ■ ■ •, Iii other words, the equations [7] ex- 

iju = n 

press the condition that must vanish identically for all 

systems of values of the ^’s that satisfy the m equations [3] after ^ 
they have been reduced to their linear terms. These are the 
m equations 

[«] XAA=0 

Now multiplying these m equations^ respectively by m arbitrary 
quantities and adding the results to the equation 

fXSzU 

we have the following equation : 

[^] 2)^ A+ hflij. + ^ 2 / 2 ^+ • • • + 0. 

fJ. 1 

But the ^’s may be so determined that those terms in this sum- 
mation drop out which contain the m quantities h, which are ex- 
pressed in [5] through the % — m other ^’s; by causing these 
terms to vanish, a system of m linear equations is obtained, whose 
determinant by hypothesis is different from zero. 

Since the terms which remain of equation [9] are multiplied 
by the completely arbitrary quantities ‘ is not 

possible for this equation to exist unless each of the single 
coefficients is equal to zero. 

Consequently we have as the first necessary condition for 
the appearance of a maximum or minimum the existence of 
the following system of n equations, 

^i/im + ^2/2^1 + ' • • “h 0 2 , • • -, n ), 

in the sense that if m of these equations exist independently of 
one another, the remaining — m of them must be identically 
satisfied through the substitution of the e’s which are derived 

^This method is duo to Lagran|?e, Th^orie des Fonctiona, p. 268; see also Gauss 
(Theorla CJomh, Observ. Sapp. §11). 
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from the first m equation, it being of course presupposed tlvat- 
the system of values (ftp • • •, a„) has already Iweu so chosen 
that the equations [1] are satisfied. 

Taking everything into consideration we may say: //t order 
that the function F (*i, «;„) have. <( mrudmum, or mini- 
mum on any ^position {a^, a.^ • - «„), 'd 'le nfcemtary that the 

^ n-{-m equations 


[ 10 ] 


dx^ ‘^d.v.^ 


'.- v - 0 


d.V^ 

(/i ■ 1 , 1, • • • , V/ ), 


f\{^> ‘‘■'V ■ ■ '> ^ ^ 1 > »l) 


le satisfied ly a system of real values of the n H m (/uantit'm 

.Tj, X2y • • •, e-^j * * 'j 

72. These deductions were maile under tlu‘ one assumption 
that at least one of the determinants of the v/ith order which 
can be formed out of the m • n quantities [4] through the omission 
of u — m columns does not vanish. Tliia (•.(uulitiou wius necessary 
both for the determination of the (luantities h, which satisfy the 
equations [2], and also for the determination of the m factors r,, 

It may happen* that a maximum or minimum of the function 
F enters on the position («[, a^, ■ ■ ■, a„) evtni when tlie al)ove 
condition is not satisfied. For if it is possible in any way to 
determine all systems of values of the h'n not exceeding certain 
limits that satisfy the ociuations [2], the equations [7] together 
with the equations [1] are sullicient in tmmber to determine th(» 
n quantities a^ a^,- ■ 

When the above assumption is not satisfied, the etjuations [8] 
exist identically, and consequently the equations [2], which serve 
to determine the h’a, begin with terms of the second dimension. 
We may often in this case proceed advantagtsously by introducing 
in the place of the original variables a system of n — m now vari- 
ables so chosen that when they are substituted in the given 
equations of condition they identically satisfy them. 


•SeeStok, p. 287. 
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73 . To make clear what- has-been said -the 
will be of service ; its general solution is given in -the sequel -(-I - 91 ); 
Find the shortest line which can he- drawn -from- d- ^iren point- td 
a given surface. Upon the surface there -are -certain pbmts'-of 
such a nature that the lines joining these points with the given 
point have the desired property and, besides, stand normal to the 
surface at these points. 

If by chance it happens that one of these points is a double 
point (node) of the surface, so that at it we have /p= 0 , f^= 0, 
0, then in reality for tliis point the terms of the first dimen- 
sion in the equations [2] drop out and we have the case just 
mentioned. , , , - 

If the surface is the right cone ... 

/ 2:) == 0 = - 

we may write 

r a; = 2 uv, 

[11] ^ y = ^2^ 

z = v\ 

The equation of the surface is identically satisfied, and it is easily 
seen that we may express the quantities h^ through two 

(luantitieB li\ and independent of each other even in the case 
where the required point of the surface is the vertex of the cone, 
that is, the point x— 0 = g ox and in fact in such 

a way that hot only indefinitely small values of Ag corre- 

spond to indefinitely small values of k^ but also that all 
systems of values h^f \ are had which satisfy the equation 

/(^ + y + A2, ^ + A3) = 0. 

The variables, however, must be given at one time real, at another 
time purely imaginary, values if the equations [11] are to repre- 
sent the entire surface of the cone; but in this manner the 
unavoidable trouble has taken such a direction that the proposed 
problem falls into two similar parts, which may be treated in full 
after the methods of Chapter V. In other cases we may proceed 
in a like manner. The special problem will each time of itself 
offer the most propitious method of procedure. 
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74. We must aow establish the criteria from which one can 

determine whether a maximum or minimum ^n) 

really enters or not on a definite position which 

has been determined in § 71 above. 

One might consider this superfluous, since in virtue of tlie cri- 
teria given in the previous chapter a maximum or minimum will 
certamly enter if the aggregate of terms of the second dimension 
in [6] is a definite quadratic form of the nature indicated. 

It is, however, desirable to determine the existence of a maxi- 
mum or minimum without having previously made the develop- 
ment of the function in the form [6]; for in order to obtain the 
coefficients we must pay attention not only to the terms of 
the first dimension but also to the terms of the second dimension, 
when the values of [5] are substituted in the development of 

F{x^, x^)-F{a^, ^ 2 , • • a^) 

75 . The above difficulty may be avoided if we multiply by 
the quantities (/x = 1, 2, • • • m) respectively each of the expres- 
sions [2] which vanish identically, add them thus multiplied to 
the above difference, and then develop the whole expression with 
respect to the powers of h. 

Owing to equation [9] terms of the first dimension can no 
longer appear in this development, and we have, if we write 

f i = 7 n 

[12] 

[13] x^)-ir(a^, a^) = G(x^, 

— G(a^, ct^, - ■ a„)= 2 2/ ■+• • • •- 

^ tL,V 

We have, accordingly, the homogeneous function of the second 
degree 2) of the formula [6] if we substitute in V 6^ h li 

p,a- H- V 

the values [5] and consider only the terms of the first dimension 
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in the process. If then the criteria of the preceding chapter are 
applied we can determine whether the function F possesses or 
not a maximum or minimum on the position ^ 2 , • • •, 

76. The definite conditions that have been thus derived are 
unsymmetric for a twofold reason : on the one hand because in 
the determination of the quantities h some of them have been 
given preference over the others, and on the other hand because 
those expressions by means of which it is to be decided whether 
the function of the second degree is continuously positive or con- 
tinuously negative have been formed in an unsymmetric manner 
from the coefficients of the function. 

It is therefore interesting to derive a criterion which is free 
from these faults and which also indicates in many cases how 
the results will turn out. With this in view let us return to the 
problem already treated in the preceding chapter and propose 
the following more general theorem in quadratic forms. 


I. THEORY OF HOMOGENEOUS QUADRATIC FORMS 


77. Theoeem. We have given a homogeneous function of the 
second degree 

in n variables j which are subjected to the linear homogeneous equa- 
tions of condition 


f x M n 

[15] = (X=l, 2,..., m; »!,<«); 

we are required to find the conditions under lohich is invariably 
positive or invariably negative for all those systems of values of the 
variables which satisfy equations [15]. 

It is in every respect sufficient to solve this theorem with 
the limitation that the quantities x are subjected to the further 


condition 

[ 16 ] 

for if ^^^4* ‘^‘1 + 




-f 


4- a: 2 = 1 : 


4- 


then 


\pj \p) 


H 4- 
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Furthermore, if satisfy [15], then, also, 

satisfy these equations, ’wfhile,since^D^ , • • •, ^ j = — . . .,x^), 

the signs of the two quadratic forms are the same. 

It. is, therefore, in every respect admissible to a<ld the (5((iiation 
[16]. We have, however, thereby gained an c^sscmtial advantage: 
for owing to the condition [Hi] none of the variables can lie 
without the interval - 1 • • • + 1 ; furthermore, since the function 
varies in a continuous manner, it must necessarily have-, an upper 
and a lower limit for these values of the variables .r,^, . . .<•„ ; 
that is, among all systems of values which satisfy the »‘(|uations 
[15] and [16] there must necessarily be om- * which gives an 
upper hmit and one which gives a lower limit ol ^ (.st',e H). 

We limit ourselves to the determination of the latter. By trial 
we can easily determine whether 4> reaches its lower limit on the 
boundaries, that is, when one of tlu-. .a’s = 1 I , while the others are 
all zero. If this lower limit is not reaclual on the boundarit-s, then 
(j> has a minimum value within the laaindaries (cf. § 64). 

78. Through the addition of efpiation [16] tin- theorem of tin- 
preceding article is reduced to a problem in the tln-ory of maxima 
and minima; for if the minimum value of <#>(•<■,, .r,^, ••*, .(•„) is 
positive, <#) is certainly a definite jHisitivcs form. 

Consequently, if wo write 

A 11 ft m 

[17] 

A«l 

then, in order to find the poBition at which in a niinimvun 

value of the function, we have to form tlic HynUun of c‘(|imtionB 



11 

O 

11 



This gives 


(\ ™ 1,2.-- 

n). 

or, 






/HmU 

pmm 



[18] 


pml 

(X = 1, 2, • • 

■«). 


"^Crelie's Joitmul, Vol. LXXII, p. 141 ; hw hIhd Hamit, (kih. iiif, H ini,, pp. 17 vt h»m|. 
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From the n + m + 1 equations 


[19] 


f 

ii^n p^m 

+ ^ (A- =1, 2, • • •, n), 

n.=l P=1 

jU. = 7l 

■ ^p=2) (/> = 1, 2, . . ., m), 

p = l 


A= 74 

X®A=1 

A = 1 


the n + 771 1 quantities ^ 2 ^ •• •, e^i, ^ may be 

determined. Since we know a priori that a minimum value of 
the function </> in reality exists on one position, we are certain 
that this system of equations must determine at least one real 
system of values. 

Consequently the first ^ + m linear homogeneous equations of 
[19] are consistent with one another and may be solved with 
respect to the unknown quantities x^, iCg, • • •, x^, ^ 2 , • • •, e^; 

their determinant must therefore vanish, and we must have 




Aji-e 

■^12> 

* * •> 

. . 

■> “otI 





^22 

* •> ■^2n> 

^12> * • 

*> ^m2 


[20] Aes 

^nV 

■^n2> 

* • ^nn 

^In’ * * 

^mn 

= 0 . 



®ii> 

^12 > 

• • *» ®i»i’ 

o,-- 

; 0 





^m2> 


0,.- 

•,o 


The 

equation 

A« = 0 

is clearly of the 

n — TOth 

degree in e. 

The 

minimum 

value 

of <f) is 

necessarily contained among the 


roots of this equation; for if we multiply the equations [18] 
respectively by x^, x^, • • x^ and add the results, we have 

[21] <P ^X-J^y • • • > 

it being presupposed that the system of values {x^y x^y- • -y x^)y 
together with the quantities e-^y • • •y e^y satisfies the system of 
equations [19], which is only possible if e is a root of the equa- 
tion A e = 0. Furthermore, among the systems of values x which 
satisfy the system of equations [19] that system is also to be 
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found wMch. calls for the minimum, and since the value of the 
function which belongs to such a system of values is always a 
root of eq[uation [20], it follows also that the required minimal 
value of (f> must be contained among the roots of this equation. 

As already remarked, this minimal value must be positive if (f> 
is to be continuously positive for the systems of values of the 
under consideration, and from this it follows that Ae must 
have only positive roots. For if one root of this equation was 
negative, then for this root we could determine a system of 
values iCg, • • •, e^, for which, as seen from [21], 

cj> is likewise negative. 

Hence^ in order that (p he continuously positive for all systems 
of values of the x's which satisfy the equations [15], it is neces- 
sary and sufficient that the equation Ae = 0 have only 'positive roots.^ 

The question next arises. When does the equation Ae = 0 
have only positive roots? It may be answered in a completely 
rigorous manner by means of Sturm’s theorem;! but the inves- 
tigation is somewhat difficult; and the symmetry, which we 
especially wish to preserve, would be lost when we applied 
Sturm’s theorem. 

For develop the determinant according to powers of e as 
follows : 

[ 22 ] + 

then if all the roots of this equation are real and positive, the 
coefficients B must be all positive, and, reciprocally, if the roots 
of this equation are real and the E’s are all greater than 0, the 
roots of the equation Ae = 0 are aU positive. The form is then 
a definite quadratic form. The necessary and sufficient condition 
that the form be not a definite one is that e = 0 be the smallest 
root of the equation above. 

* See Zajaczkowski, Annals of the Scientific Society of Cracow, Vol. XII (1867) ; see 
also Richelot, Astronom, Nachr., Vol. XLVIII, p. 273. 

t Burnside and Panton, Theory of Equations, chap, ix; Hermite, Crelle, Vol. LII, 
p. 43; Serret, Algehre Sup., Vol. I ^866), p. 581; Kronecker, Berlin. Monatsbericht, 
February, 1873. 
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79. We shall first show that all the roots of the equation 
Ae = 0 are real for the case where no equations of conditions 
are present. (See J. Petzval, Haidinger’s JSfaturw, Ahh. II (1848), 
p. 115.) 

Equation [20] reduces then to the form 



Ai- 




[23] 

^21? 

■^22 ‘ * 

* > ^2n 

= 0, where 




*> ^ 



an equation which is called the eqiiation of semlar variations 
and plays an important rOle in many analytical investigations; 
for example, in the determination of the secular variations of 
the orbits of the planets, as well as in the determination of the 
principal axes of lines and surfaces of the second degree.* 

80 . Weierstrass’s proof t, which is very simple, that all the roots 
of this equation are real, depends only upon the theorem that if 
the determinant of a system of n homogeneous equations vanishes, 
it is always possible to satisfy the equations through values of 
the unknown quantities that are not all equal to zero. 

Instead of the equation [16] we subject the variables to the 
somewhat more general equation 

where i/r denotes a homogeneous function of the second degree, 
which is always positive t and is only equal to 0 when the 
variables themselves vanish. 


* In this connection the reader is referred to Laplace, M4m. de PciHs^ Vol. II (1772), 
pp. 293-363; Euler, M^m. de Berlin (1749-1750); Theoria motua corp. soL, chap, v 
(1765); Lagrange, M^?n. de Berlin (1773), p. 108; Poison et Hachette, Journ. de 
VtcoU Folytechn., Cah. XI (1802), p. 170; Rummer, Crelle, Vol. XXVI, p. 268; 
Jacobi, Creile, Vol. XXX, p. 46; Christoffel, Crelle, Vol. LXIII, p. 257 ; Bauer, Crelle, 
Vol. LXXI, p. 40; Borchardt, Liouv, Journ., Vol. XII, p. 30; Sylvester, Phil. Mag., 
Vol. II (1852), p. 138; Salmon, Modern Higher Algebra, Lesson VI; and see in par- 
ticular Edward Smith, Solution of the Equation of Secular Variation by a Method due 
to Hermite. (Dissertation, University of Virginia. 1917.) Numerous other references 
are given in the paper last mentioned. 

t Weierstrass, Berlin. Monatsbericht, May 18, 1868. Cf. also Kronecker, Berlin, 
Monatsbericht (1874), p. 1. 

t Note the lemma of §§ 83, 84, and 85. 
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81. If we form the system of equations (see [12] of precedmg 
chapter) 

[24] = 0 (X = l, 2, . . 72,), 

then these equations may always be solved if their determinant 
vanishes. 

This determinant is exactly the same as that in [23] if we write 

k = n 

We assume that e = k-j-li, where i = V — 1 , and that we have found 

(^ = 1, 2,. .-.,7^) 

as a system of values that satisfy the equations [24]. 

We must consequently have 

^A(fl+ 1^2+ V'A 

— + • • •, ^n+Vn'^)=^ 0 

(X = l, 2,...,7^). 

Since the real and the imaginary parts of these equations must of 
themselves be zero, it follows, when we observe that and 
are linear functions of the variables, that 

^k{^v hy ‘ • ^2’ • • L)-h l^kiVv V2> • • Vn)=^ 0, 

4>k(Vv V 2 y • • •> Vn)-^'^k(Vv V 2 > • • ^ 0. 

82. Next multiply these equations respectively by 77 ^ and L, 
take the summation over them from 1 to n, and subtracting one 
of the resulting equations from the other, then, since (see [17] of 
the preceding chapter) 

U’ • • •» = ’?2, • • ’?»)> 

k k 

fa, • • •> ’Ja, ■ • •, ’»»)> 

k k 

we have 

Vv • • •. ’?«)+2)fA'^A(fi> fa, • • •, f«)}= 0, 
or, 


[25] Z {i/r {i?i, 1?2, •••,»?«)+ (fi, fa, ••• , f»)} = 0. 
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If it is possible to find systems of values of the quantities 
^ 2 ? • • * » which satisfy the equation [24] under the assumption 
that e=^]c + U, then these values must satisfy at the same time 

[25] ; but since after our hypothesis the quantity within the 
brackets cannot vanish, it follows that I must be equal to zero; 
that is, every value of e for which the determinant vanishes, 
is real 

Hence we have the theorem : 

l7i order that a quadratic form (f>{Xp he invariably 

positive, it is necessary and> sufficient that the development of the 
determinant [23] which admits of only real roots, when expanded 
in powers of e, viz. 

[26] +(- 0, 

consist of n+1 terms and that these terms he alternately positive 
and negative. 

If the function is to he invariably negative, then the equation 

[26] mxLSt he complete and have continuation of sign. 

Thus for the case where the variables are subjected to no 
conditions we have derived the criteria as to whether or not a 
homogeneous quadratic form is a definite one directly from the 
coefficients of the function and in a form that, is perfectly 
symmetric. 

83. Lemma. If a homogeneous function of the second degree 
'ylr(xp x^, • • •, x^j) can become zero for any system of real values 
of the variables which are not all zero, then \[r may be both 
positive and negative, it being presupposed that the determinant 
of 'sjr is different from zero. 

Let the function -v/r vanish for the system of values ‘ ^ ^n) 

and instead of x^, X 2 , • • •, write in yjr the arguments ^ 1 + cffi, 
^ 2 +^ 2 ^, • • •, cffi, where the c’s are indeterminate constants. 

Developing with respect to powers of k we have 

Cj^k, ^rJ^) 

~ 2 k'^^Ca'yj^a (?1? ?2J ’ * *» ?n) “b ’ * *» O* (^) 

/r=l 
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By hypothesis the f’s are not all zero, and tlie determinant nf yjr 
being different from zero, it follows that tjr„{a=l, 2, ■ ■ ■, n) can- 
not all be zero. 

Since, furthermore, c« (a =1, are arbitrary constants, we 

assn 

may so choose them that2)c«-^*(?i, fa- • • •> l«) ‘‘qual to zero. 

«r= 1 

Now by taking k sufficiently small we may ciausc the sign of 
the expression (^) to depend only uj)oti the first term on the 
right-hand side of that expression. 

Hence, if we choose k positive or negatives, w(i have systems 
of values x ^, . . ., £c„) which make yjr positivaf or negative. 

84. The determinant of the system of eciuations [24J is formed 
from the partial derivatives of 

<l>(x^, a' 2 , • • •, x„), 

that is. from x^,..., xj - ef„ .c.,, . . . , ,/■„) ... {) 

((t = . 1 , 2 , • • •, //.), 

where cj)^ and denote and ivaiiemlvely. If this 

determinant is equal to zero for a value of r, it follows that we 
can give to the variables a.’j, x^, • • •, values that are not all 
zero and in such a way that the n equations (m) (-xist. r,et this 
value of e be e = k + li; then if / 0, it may be shown that 

the function can have both positive and negative values. 

Denote the system of values (.rj, . . ., which satisfy the 

equation (ii) by <- . . , , 

^ ^ ^a=^a+tv<, (« = 1 , 2 , 

then, as in § 82, it may be proved that 

(fn ^2- • • •, f«)+ v-x • • •. 0. (in) 

Since by hypothesis / is not zero, the ((([uation (in) cair onh' 
exist either when arrd ^(r,„ r,„ .... „„) have 

opposite values (and then it is proved, what wo wish U> show, 
that f can have both positive and negative values), or when 
the two values of the function are both zero (and then from 

what was seen in the preceding section '\jr ccji take both irositive 
and negative values). 
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85. Ill this connection it is interesting to prove the following 
theorem : If the determi%ant foTTned froTn the jpaTtial deTivatives 
of the homogeneous ^icadratic form xf) is different 

from zero, and if among the infinite number of quadratic forms 

there is one definite guadratic form, the determinant formed from 
the partial derivatives of 

x^y X,,}- eylr(x^, x^, - • x,,) 

vanishes for only real values of e. 

The theorem will also be true if the determinant of (and 
not as assumed of i/r) is different from zero. 

Let be a definite quadratic form, and write 

+ P'lir = x^). 

We shall further choose two constants \q and /jlq in such a way 
that when we put 

\)</> + f^o'^ ^ * * *^ 

^ is different from zero. 

We know from the previous article that the determinant 
formed from the equations 

0 (<r = 1, 2, . . 

can only vanish for real values of k. The equations 

k'y^a— 0 (a; = 1, 2, • . {iv) 

may be written in the form 

(Xq“~* (//'0 fi ((3J = 1, 2, • • • , n^y 

or (a = l,2,...,n). (v) 

If we eliminate x„ jCj, • • •, *„ from these equations, we must 
have the same determinant for their solution as from the equa- 

tions (iv). 
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^ Hence every k which causes this last determinant to vanish 
must also cause the first determinant to vanish. But the k\ are 
all real. It follows that if we form from them the n expressions 

Xq ■“ jfcXj 

these quantities must also he real. 

Hence the determinant of the n equations 

has always n real roots e. 

We may therefore say: If among all the quadratic forms 
which are contained in the form 

X<^(ajp • • *, xf), 

there is one which can have only positive or only negative values^ 
then the determinant of --ey^ will have only reed roots ^ it being 
assumed that the determinant of <j> or of yfr is not zero. 

The theorem in § 80 is accordingly proved in its greatest 
generality. 

86 . The case where equations of condition are present may 
be easily reduced to the case already considered. The*! determi- 
nant [20] was the result of eliminating the (juantities 
h> hy • * n-^m equations 

ju, aa U p^m 

[18] +T =0 (X, = 1 , 2, . . . , 

,x-l p^X 

[15] ^p=ii«pA= ^ (/O = 1, 2, . . m). 

Since the result of the elimination is independent of the way 
in which it has been effected, we may first consider m of the 
quantities x, say : x^, expressed by means of the equa- 

tions [16] in terms of the remaining n-^^m of the which 
may he denoted by Wa thus have 

X^= 5) (^ = 1, 2, . . m). 

Vml 






[ 27 ] 
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Through the substitution of these values/ let . 

he transformed into j and the eciuation 

ijx^ = 1 into ./r ^ 2 , • • . , L- ,«) = 1. ■ 

X sssl 

The function is invariably positive and is only equal to zero 
when the variables themselves all vanish. 

The equations [18] may be written in the form; 


2 dx^ 


-ex^ 



dX)^ 


= 0 (X=:l, 


Multiplying these equations respectively by 
and adding the results, then, since 


A. 


(\ — 1, 2, • • . , n), 


iidx^ af, “ af„ ’ 


1 a 


we have the following equations; 


1 ^ 






0 (v = 1, 2, • • •, M-)- 


The last term of this equation drops out if we substitute in it the 
expressions [27], since the 6^ expressed in the ^’s vanish identi- 
cally, and we have the equations 


[28] (v = l, 2,..-,«-m). 

Now give V all values from 1 to ^ m, and we have a system of 
n—m linear homogeneous equations, from which we may eliminate 
the yet remaining ‘ result of this elimination 

is an equation in e and must give the same roots in e as [20]. The 
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equations [28] are, however, created in exactly the same manner 
as the equations [24]. If, then, Ae is the determinant of these 
equations, it follows that the roots of the equation Ae = 0 are 
all real. 

87 . As the solution of the theorem proposed in § 77 the final 
result is ; 

In order that the honiogeneoios function of the mvnd degree. 

be- invariably positive for all systems of values of the qttantities 
^ny '^hich satisfy the m linear homoyeneous equations 
of condition ' 

it is necessary and sufficient that the form of the equation [20], 
developed with respect to powers of e and which has orily real 
roots, consist of n-m-^l terms aoid that the supis associated 
with these terms be alternately positive and neyative. There must, 
however, be only a continuation of sign if (j) is to be invariably 
negative. 

The above method was first discovered by Ligrange, wlio did 
not, however, sufficiently em])haaiz;e the reality of the roots of 
equation [20]. 

IT. APPLICATION OF THE CRITERIA JEST EorND TO THE 
PROBLEM OF THIS CHAPTER 

88 . We have determined the exact conditions nact^ssary for a 
homogeneous quadratic form to be definite for tlie omB wliere tlie 
variables are to satisfy equations of condition and in a manner 
entirely symmetric in the coefficients of the given function 
together with those of the given equations of conditioiL 

At the same time with the solution of tins ijrobkm, the 
problem of maxima and minima which we have proi>oBed in this 
chapter is solved. 


RELATIVE MAXIMA AND MINIMA 


115 


89 . Having regard to the remarks made in § 71 and § 74 we 
have as a final result of our investigations the following theorem : 

Theorem. If those positions are to he fo%md on which a given 
regular fimction F{x^, has a maxirmim or minimum 

value under the condition that the n variables x^, 0 ^ 2 , • • satisfy 
the m equations 

•^'2> • • •> ^n) = 0 (A = 1, 2, • . m), 

where f^ are likewise regular functions, we write 

P = w?. 

p=i . 

and seek the systeM of real values 

* * •> * * *? ^7n 

which satisfy the ‘U + on equations 

[«] i * ' 

/a=0 (X = 1, 

If{ap a.j^, ••• •, a,^) is such a sojsteyn of values of x^, x^, 

tium we develop. the difference 

(I h-^, * * *> h.^f) — Q(a.^, 

•with respect to powers of h, and have {since 010 terms of the first 
dimensiooh can appear, owing to- equations [c]) the following 
development : 

[rf] ’ * ’» ^2> * * *' ^n) 

^fA, V 

We must 'next see whether the function 

[g] ' ’ *» hf)='^Gfj^yh^h„ 

tA, P 

is invariahly positive or invariably negative for all systems of 
values of the Ids which satisfy the m equations 

fj, m7h ,-w -V 

p. wA’ 
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\ G. 


11 


21 > 


y] 


^nV 

fiv 


f, 


mV 



• 0 

fw 

hv • ' 

* > f ml 

(3^22 ’ 

• * j G^ 

f\v 

/az’ * ■ 

' > f 


r< 

* 0 ^nn 

/ill’ 

f%n’ 

' > f mn 

71 

fvp 

* 

0, 

0, •• 

0 



0, 

0,' 

•, 0 


and this determinant put equal to 0 « an equation oj the vi n 
degree in e, winch has only real roots. Developing the dstermtna nt 
^cith respect to powers of e, we have to see whether the _ develop- 
ment consists of n-m + 1 terms with alternately pos^tvve and 
negative sign or with only continuation of sign. 

If the first is the case, the function cj> is invariably pomiive, 
and the function F has on the position a^,---, «„) a minimum 
value-, if, on the contrary, the latter is true, then <}> is invar i(t hi y 
negative, and F has on the position {a^, a^, • ■ af) a maximum 
value. 


This criterion fails, however, when </> vanishes i(lenli(*-ally, 
because the quantities vanish for the position {cc^y 
and it also fails when the smallest or greatest root of = 0 is 
zero, since in this case we may always so choose the that 
vanishes without the A’s being all identically zero (see § H3). 
In the latter case the function is an indefinite or a Bonii 
definite form (§ 78). 

In both of these cases the development [d] begins with kuMiiH 
of the third or higher dimensions, and for the same reason 
as that stated at the end of § 63 we cannot assert that in 
general a maximum or minimum will enter on the position 

90. We give next two geometrical examples illustrating the 
above principles. 


Problem I. Determme the greatest and the smallest curvature 
ai a regular ‘point of a surf ace F(x, y, z) = 0. 


I 
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If at a regular point P of a plane curve we draw a tangent 
and from a neighboring point P' on tlie curve we drop a perpen- 
dicular F'Q upon this tangent, then the value that 2 — ^ 

Ls 

approaches, if we let P' come indefinitely near P, is called the cur- 
vature of the curve at the point P. If the curve is a circle with 

radius r, the above ratio approaches - as a limiting value and is, 

T 

therefore, the same for all points of the circle. Now construct' 


the omdaiing circle which passes 
through the two neighboring points F 
and F' of the given curve. The arc of 
the circle PP^ may be put equal to th(‘ 
arc PP^ of the curve, wl\en F and F^ 
are taken very near each other, and 
consequently, if r is the radius of this 
circle, the curvature of the curve is 
determined through the formula 


[ 1 ] 


2 FQ _ 1 



Fkj. 11 


The quantity r is called tlie radius of curvahorCj and the cen- 
ter M of the circle which lies on tlie normal drawn to the curve 
at the point P is known as the center of cicrvature at the point F. 
The curvature is counted positive or negative according as the 
line FQf or, what amounts to the same thing, MF has the same 
or ()|)po8ite direction as that direction of the normal which has 
been chosen positive. 

Tf we have a given surface and if the normal at any regular 
point of this surface is drawn, then every plane drawn through 
this normal will cut the surface in a curve which has at the 
point P a definite tangent and a definite curvature in the sense 
given above. 

The curvature of this curve at the point P is called the curva- 
ture of the surface at the point P=(£c, y, z) in the direction of the 
tangent which is determined through the normal section in question. 
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Following the definitions given above it is easy to fix the 
analytic coLeption of the curvature of a surface, and then to 
formulate the problem in an analytic numner 

If p' = te' y' z') is a neighboring point of P on the surhiee. 
the equation’ of ’the surface may be written in the form: 

[ 2 ] 0 = F^(cg'- x) + F^(y'-y)+ 

H- 2 F.Mi' - ■») {y' --?/)+• 2 /'mCv' - y) («' — ') 





where 

II 

11 

^ c*» 



gap 

, dy<' 

yij,' 
/'-m- ’ 


’^.^y dydz 



The equation of the tangentiid plane at the iioint /’ is 
[3] - f«) + ~ ?/) + 

where y, ? are the running coardinates. 

Therefore, if we write for brevity 


[4] Vlyf+F^ +lq - //, 

and take as the positive direction of the normal of the mirfaet' 
at the point P that direction for which H is jxisitive, tlien the 
direction-cosines of this normal are 


If 



and 



Consequently the distance from /*' to the tangential plane is 

[5] p'(g = ^ (a)' _ a;) + (/ „ y) 4 - {J ~ s). 

The negative or positive sign is to be given to the expression 
on the r^ht-hand side according os the length P'Q has the same 


RELATIVE MAXIMA AND MINIMA 


119 


or opposite direction as that direction of the normal which has 
been chosen positive. 

In the first case, paying attention to [ 2 ], which has to be 
satisfied, since P’ lies upon the surface, we have 


[ 6 ] 
_ ^*'11 


pF^ 


where = (x^ — x)^ + 4* (z' — zy\ 


In the case where the direction F'Q is contrary to the positive ■ 
direction of the normal, we mxist give the negative sign to the 
right-hand side of [6]. 

Now let P' approach nearer and nearer P; then the quantities 
x'—x y—y 


which represent the direction-cosines of the line PP', become the 
direction-cosines of the tangent at the point P of the normal sec- 
tion that is determined through P'. Eepresenting these by cc, / 3 , 7 

ptQ 

and the limiting value of 2 ^ by k, then 

PP^ 

[7] « = 1 { A\i + F^^rf + 2 F,^a ^ + 2 F^,0y + 2 F,^ya}, 

where the terms of higher degree in 02'— x, etc. are neglected. In 
this formula k represents the curvature of the surface in the direc- 
tion determined hy a, / 3 , 7. This is to be taken positive or negative 
according as the direction of the length MP, where M is the center 
of curvature, corresponds to the positive direction or not. 

If th© coordinates of the center of curvature are represented 
by ajQ, i/q, and the radius of curvature by p, then 

-^1. 

_ 1 


or, since 
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[^'^1 


f ^ 

® F22/32+ . . . + 2 ’ 

^ 

^ 

. " F,^a^+ F^^ +...+2 F^-yya ' 


Since H does not appear in these expressions, we see that the 
position of the center of curvature is independent of the choice 
of the direction of the normal. 

Suppose that the normal plane which is determined through 
the direction a, yS, 7 is turned about the normal until it returns 
to its original position. Then, while a:, / 3 , 7 vary in a definite 
manner, the function k of a:, / 3 , 7 assumes different values at 
every instance, and since it is a regular function, it must have 
a maximum value for a definite system of values (or, /3, 7) and 
likewise also a minimum value for another definite system of 
values (a, yS, 7). 

The quantity — has .the same value for all normal sections 

jTZ 

that are laid through the same normal.* We have, therefore, 
to seek the systems of values (a, /8, y) for which the expression 

Fyya^^F^^^^ + F^^y‘i+ 2 Fy^a^+ 2 F^^^y + 2 F^^ycz 

assumes its greatest and its smallest value. 

We have also to observe that the variables or, yS, 7 must satisfy 
the equations of condition 


1 

the first of which says that the direction which is determined 
through a, / 3 , y is to lie in the tangential plane of the surface 
at the pomt P, while the second equation is the well-known 
relation among the direction-cosines of a straight line in space. 

^ of Three Dimsmions (Fourth 
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EoUowing the methods indicated in § 89, we write 


[10] G = + • • ■ + 2 F,^r^a 

- 6 (a 2 + ^ 2 + ,y 2 _ 1^+2 e’{F.^ a + F^$ + F^^), 

and we then have (§ 89, [c]) to form the equations 





F-^a + F^^ + F^y = 0 , 


from which we must eliminate a, 7 , and e'. 
These equations are 



'(^n- 

e)a + F^^^ 

+ +F^e'=0. 

[11] ■ 


+ (i^k- 

e)0 + F^y +F^e'=Q, 


+ 

e)y + F^e' = 0, 



+ 1^2/3 

+ F^y = 0, 

where 


II 

(X,M = 1, 2, 3). 


Through elimination we have 


[ 12 ] 


Aii-c, 

^'\2. 

•^18» 

F^ 

■^'21> 

-^21 ®> 




^82. 



J^\> 


^8. 

0 


This is m equation of the second degree in e, and consequently 
gives us two values and e^, which are maximum and minimum 
values, since both maximum and minimum values enter, as 
shown above. Multiplying the first three equations [11] by a, /9, 
7 respectively and adding the results, we have 

[13] F,ia^+F^^^+ F^^r/+ 2 F^^a^+ 2 F^,^y + 2 F,^ya = e. 


Hence, from [7] we have 
[14] 


i = ±. 

p-H 
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Consequently the two principal curvatures at the point P have 

the values 

H 


[15] 




Pi 

1 _ 

and the coordinates of the corresponding centers of curvature are 
found from the formulae 


[16] 


^01' 




^2 

-yoi=^' 


— i 1 
^1 

y 




F, 


y 

II 

1 

1 

II 

1 


In order to determine e, let us write 

-^11 = (-^22 “ {^33 — ~ 

-^12 = -^ 23 -^ 13 ”“ -^12 (-^33 ”■ 

and form from these the corresponding quantities through the 
cyclic interchange of the indices. Equation [12] may be written 
in the form* 

+ + 2 D^F^F^+ 2 0. 

Developing this expression with respect to powers of e, we have 
[17] PPe^-Le + M=<i, 

where L=m {F^, + F^^ + F^) - {F,,Ff + F,^F^ + F,^F'i) 

+ 2F^^F^F^+2F^F^F^+ 2F^^F^F, 

and if=(F’22^33-^2l)J^f + (^ 33^11 -^8l')^| 

+ (i^U-^^22 - n + (7^12^\3 - ^23^n) ^2^3 
+ iVn - V22)^3^1 + (^31-P’82 - 
From [17] we have at once the values of the sum and the 
product of the two principal curvatures, viz. (see equation [16]) : 


[ 18 ] 


I 

‘ See Salmon, loc. cit., p. 257. 
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We have thus expressed the sum of the reciprocal radii of curva- 
ture and also the measure of curvature of the surface at the point P 
directly through the coordinates of this point. 

Although the formulae are somewhat complicated, they are 
used extensively and with great advantage. 

In the case of minimal surfaces* which are characterized 
through the eq^uation 

Pi + P2= 0, 

we have i = 0. 


This is therefore the general differential equation for minimal 
surfaces. 

91. Problem II. From a given point [a, b, c) to a given surface 
F[x, y, «) = 0 draw a straight line whose length is a maximum 
or a minimum. 


Write 0 = {x — a)‘^+ {y — h)^ -t - (2 — c)^ 2 \F (x, y, z). (i) 

Then the quantities x, y, z, X are to be determined (see § 89, [c]) 
from the following equations: 


X — a = 0, 
y-h+ XF 2 = 0, 
2 — <: -t- Xifg = 0, 
F{x, y, 2 )= 0.. 


(ii) 


It follows, since F^ Aj, F^ are proportional to the direction- 
cosines of the normal to the surface at the point {x, y, z), that the 
points determined through these equations are such that lines 
joining them to the point (a, h, c) stand normal to the surface. 

If P={x, y, z) is such a point, then to determine whether for 
this point the quantity 

{x — a)^+(y — (z — c)2 

is in reality a maximum or a minimum, we substitute 
y-^-v, z-hw instead of x, y, z ia the function &. The quantities 
u, V, w are, of course, taken very small. 


•See papers by the author on this subject In the first numbers ot the Mathematical 

BmUw. 
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We must develop the difference 

G{x-\-u, y + v, z + w)-(} {u:, y, z) {in) 

in powers of u, v, and w. 

The terms of the first dimension drop out, and tlio aggregate 
of the terms of the second dimension is 


■\jr = M^+ 'V^+ X(/'jjW^+ 

+ 2 Fi^uv + 2 F^gVw + 2 Fj^^ nni). 


{iv) 


Since the point {x+w, y+v, z+v>) must also lio niton tint surface, 
the quantities u, v, w must satisfy the (tonditiou 


F'^'Ut d“ F^p “P ^ 


{v) 


where the terms of the higher dimensions are omitteti (stat [8] of 
the present chapter). 

If we wish to determine whether the function yjr is invariably 
positive or invariably negative for all Hyateuw of valuim («, r, ip) 
which satisfy equation (v), we may seek the minimum or maximum 
of this function ^fr under the c.ondition that the variables an* limiUid, 
besides the equation (-«), to the further ntstriidion (ef. [ Id] of § 77) 
that 

'K^+ ■ 1 ~ 0. (m) 

For this purpose wo form the func.tion 

yfr — v'^+ •id^— 1) -t- 2 e' (F^ll + /''^c + F,yp), {eii) 

and writing its partial derivatives with resisset to w, c, and ir etpuil 
to zero, we derive the equations 

u q. +. 1 ti. I 

0. . 


■FjiM + ® + F^^w + ™ A 


FgjU +Fg^v + ( Ff 




I ^ /"a ™ 0 , ! 

A. / A» * 
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Eliminating u, v, w, - from equations {v) and (Dm), we have here 

A 

exactly the same system of equations as in [12] of the preceding 

problem, except that here - — - and e' stand in the place of e and 

X 

Denote the two roots of the quadratic equation in e, which is 
the result of the above elimination, by and and the corre- 
sponding radii of curvature of the normal sections by and ; 
c — 1 

then, since has the same meaning as e in the previous problem, 
X 

1 e, -l 
p^~ \ ' h’ 

1 1 

where the positive direction of the normal to the surface is so 
chosen that .// > 0. 

If for the position (x, y, z) a minimum of the distance is to 
enter, then both values of the e must be positive ; if a maximum, 
then and must be negative. 

It is easy to give a geometric interpretation of this result: 
Let PN be the positive direction of the normal and A = (a, h, c). 
Then from {ii) it follows that the length from A to P has the 
same or opposite direction as PN, according as X is negative 
or positive. 

Hence, from (ii), 

AP=-\H. 


If the centers of curvature corresponding to Pi and p.^ be denoted 
by ilfj and M^, then 


M^P-. 


\n 


lf,P= 


*2 ^ 


AP 


AP 
®2 ^ 


and 


0-2 — 


M^A 

M^P 


Hence 


JfjP 
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Fkj 
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P 

A 

Mt 


Fiu 
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It, then, Afi and lie on the same side of /’ and if A lies be 
tween and M^, as in Figs. 12 aiul 13, then the c’s have differen 
signs and there is neither a maxi- 
mum nor a minimum. 

If Jfi and lie on the same side 
of P while A is without the inter- 
val Ifi • • • Ufa, then a minimum or 
maximum will enter according as A 
starting from one of the centers of 
curvature lies upon the same side as 
P or not (see Figs. 14 and 15). 

If the points M-^ and lie on 
different sides of P and if A is situ- 
ated within the interval 
as in Fig. 16, then there is always 
a miniTnum . If, however, A lies without the interval Mi 
then there is neither a maximum nor a minimum. 

In whatever manner and .1/^ may li(*, if A <’.oineid('H wit 
one of these points, then one of the tw(» values of e is ((([ual t 
zero, and the general remark stated at the end of § Kf) is applicahl 

The above results are deriveil in a difforet\t manner hy (louraa 
Cours D’ Analyse, Vol. I, ji. 118. 

The case may also happen here (see 72) that in the solutio 
of the equations {ii) and (m) a singular point of the surface : 
found at the point P, at which Pj = 0 = We (uinnot prt 

ceed as above, since, there being no definite normal of the surfat 
at such a point, the determination whether for this jHiint a max 
mum or minimum really exist cannot lie decided in the manm 
we have just given. 

The general remark of § 73 indicates how we are to jiroeeei 

92. Brand’s problems. TSie two following problems taken froi 
the theory of light were prepared by my colleague, I*rofess( 
Louis Brand. 

Peoblem I. Reflection at the surface F{r., y, z) = 0. A ray pam 
from a point ^ to a point P on a given, mtrfaee and is reflected i 


a point Pj. When is JJP -f PP^ a minimum / 
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Write P^= ci!j and PJ^= so that 

= V {Xi - {y^ - yf+ (Zi - zf (i = 1,'2). 

We seek to find the condition that makes d.^ -f- d^ an extreme 
when P is subjected to the condition of lying on the surface 

[1] F{x,y,z)==Q. 

Using the Lagrangian method (§89) \vc 
must find the extremes of the function 

{x^ 2;) = cZj + 6^2 + y, 2:). 

Writing </)^ for — etc., the 
ox 

necessary conditions for an extreme, viz., <f>^ = (f>^^ = (f>^ = 0, give 



[ 2 ] 


*^1 

d, 

II 

f 

1 

,yi-y _ 

d. 

d^ 

— Z 



\R 


d. 


dn 


y> 




Let the direction-cosines of the lines PiJ and FF^ be and 

^ 2 , % respectively ; and let ly m, n denote the direction-cosines 

of the normal to the surface [1] at the point F. Furthermore, 
since i'’^, Fy, F^ are proportional to 1, m, write 


\F^_ = My \Fy = kmy XF^ = kn. 


Equations [2] then become 

[3] J ^2= 

n^z=kn. 

Designate the angle between PiJ and Pi^ by (1, 2); between FI^ 
and the normal by (1, n); between Pi^ and the normal by (2, n). 
It is seen then that 


cos (1, 2) = -f -f 
cos(l, n)=lil + m^m +71171, 
cos (2, ^) = I 2 I + Tn^m -f- 
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Multiplying equations [3] by respectively, and adding 

it follows, since + on^ -f- = 1, that 

1 - 4 ] l+cos(l, 2) = /uC 08 ( 1 , n). 

Similarly, by multiplying eciuations [3] by respec 

tively, and adding, we get 

[5] cos ( I, 2) + 1 = COB (2, n). 

From [4] and [5] we have 

cos(l, n)^ tH)B(2, ti), or 

[ 6 ] {\,n)^(2,n). 

Moreover, upon multiplying equations [3] by /, m, n, rt^spectivel) 
and adding, we get 

cos(l, n) + cos(2, u)= /v, or, froiti [d ], 
k ^ 2 coh( I, n). 

Substituting this value of k in [4], W(^ havt^ 

I + cob( 1 , 2) = 2 co8‘'^( 1 , n), 

so that cos (1, 2) = 2 cob*^(1, n) — 1 = (‘ob 2(1, it) cum 2 (2, n). 

It follows that (1, 2)= 2(1, n) — 2(2, n), 

and that the lines PJJ, and the normal munt lic^ in the Bam 
plane, and it is further seen that the nornml biHectB the angl 
between Pi^ and 

We have thus amved at tlu^ condition which m an optical law 
The incident and rejlected rai/n 7ftmt lie in a mmmtl flans ^ an 
the angle of incidence must he equal to the angle (f rejlsstion. 

The above result is merely a necesBarg condition for an cjctreme 
to find whether an extreme really exists, and if it dotm, whethc 
it is a maximum or a minimum, let us choose the plane a 
the ajy-plane. 

If the curve cut from the surface by the plane PiPIi ha 
the equation 

[7] 


y =/(^)i 
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the problem now becomes to determine the nature of the point 

P which makes = 0, where 

dx 

i|r(a:)= c?i+ <^2 = V(a;j- xf+{y■^^~ yf+yj(x^- xfJr{y^- yf, 

the y being replaced by f{xy 

Now <^t_ ('^-a=i)+(y-yi)y' . {«^-o^‘i) + {y-yi)y' 
dx d^ d^ ’ 

while the equation of the normal to the curve [7] at F{x, y) is 

{^-i)+iy-‘ri) y'p=o, 

and the distance of the point ( 03 ^, from this normal is 
7, {x-«^i)+{y-yi)y'p 


Further, take the origin at the point P and the tangent 
to the surface at P lying in the plane P{P1^ as the a;-axis. 

Then = 0 shows that 
dx 


^ _ Q 

d^ ’ 


and as and have opposite signs, since and ^ lie upon 
opposite sides of the normal. 


ain(l, w)= sin(2, n), 


or (1, n) = (2, «,), 

as stated before in [6]. 

Note that 


[1 + (y _ y^)y<'^ - [(«> ” ^x) + {y “ 

^1 __ 

dofi 




712 


daCi 4- y'^+ (2/ - ya)^"] - ^ “ ^ 2 ) + {y-yi)y'"i 


dl 
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Ifc follows that for the origin and the direction .//'= 0, 
1 - yi?/") - 1*- 1 " .'/a-'/") • 


d'j? 


df 




3 

d-i 




Writing ^ = (1, ii) = (2, n), 


we note that ^ = cos 6, 


d-t dtx 


so that 


d-^ 

d^f 


£i = ^ r= ain 


dx^ 


■ ^d. 


/h '^2 


COB^0” 



From this it is seen that 


0 according as //'■ 


'•iU </u 


*iiH $, 


Since 2/'=0, we note that /' is the (‘urvalurt^ tif (uirve y at tl 

origin, that is, y" = > where p is tlu^ radius of tmrvature. Itenc 

when . 

d^yf/* 

-~>0, and the path is a miniinmu ; when 


[9] 




p 


') 


ww ff, 


di^ 


~<0, and the jyath is a maximum. 


To interpret this result geometrically it in seen that 

/) 

.1 j + •/ 

2V(f, dj 


is the curvature of the ellipse whose foei an* at /,’ and /.] and wide 
passes through/' (see Pascal, Jieperlorium der tldkf rm Matimimii 
Vol. II, 1, p. 246). The quantities and are its hnyil rad 
at P , and 6 is the angle between either focal radius and the norm; 
to the ellipse at P. Note that this ellipse is tangent tt» the cun 
[7], since the normal to the curve bisects the angle laitween tl 
focal radii of the ellipse and hence is also the normal to the ellips 
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When i = ^ 
P 2 


^ + -^')cos^, the ellipse and the curve [7] have 




the same curvature at P, and the test for extremes is inconclusive. 
But here the conditions for a maximum or a minimum are obvious 
from geometrical considerations. For, remembering that + d^ 
is constant for points on the ellipse, say d^-\-d^ = k, then d^-\-d^<k 
for points within the ellipse and d-^-\-d 2 >k for points vjithout the 
ellipse. Hence the jpath of the ray will be a maximum or a mini- 
mum according as the curve [7] lies within or without the ellijpse 
in the neighborhood of the point F ; and it is seen that [P] and [<$] 
are but special cases of this general condition. 

Problem II. Refraction at the surface F {x, y, z) = 0. Using 
the previous notation, it is required to find the conditions that make 

the time of passage from to 1^, that is, — -\ — -) an extreme, where 

yi '^2 

V-^ and represent the velocity of light in the two media. 

The Lagrangian function is (§ 89) 

<^{x, y, a:) = ^ -h ^ -h XP(aj, y, z). 
v^ ^2 

Proceeding as in the case of reflection, we find in place of 
equations [3] above 


[ 1 ] 




^ = km, 


14 -^ = kn. 


> 




P 

\ 


From these equations we deduce that 


Eig. 19 


[ 2 ] 

[3] 

[4] 


1 , C03(l, 2) 


: k cos (1, n), 


£^lk^ + i = ikcos(2, w), 


cos(l, n) 


cos (2, n) 


= A 
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Multiplying [2] by — and [3] by — . and subtracting, we hav 


1 1 , fC08(l, 


n) vm{2, n) 


substituting from [4] the value of /* in this (‘(iiuition, it in m‘.en tha 
1 1. cob'^(1, n) (*.oh‘'^(2, 




or 

It follows that 

[5] 


sin^(l, «) _ Hin^(2, «) 




sin(l, '/i) sin (2, n) 


From [2] and [4] it is seen that 


A ^ .... cob'-^(U n) ^ ooh( I, /0t‘oH(2, n) 


'IK 


or 


%) _ coH(l,2i.)coB(2, /i) — ('.oh(1, 2) 




Dividing this equation by [5] and then multiplying the n^sult b; 
sin (2, n), we find 


sin(l, 7i)Bm{2, ti,)=n coh( 1, '/0eoB(2, n) ium{U 2), 
or cos (1,2)=; COB [ ( 1 , + i% fi') ]» 

and therefore 


[6] (I, 2) = (l,n) + (2,w). 

SO that the incident and the refracted ray in a imrmal plane. 
Equation [6] may be put in the form 

sin (2, n) ’ 

where o is the index of refraction of the second medium witl 
respect to the first medium. The above is a geueralimtion of ( 
problem due to Fermat 
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The geometrical criteria for a niaximum or a minimum involves 
a certain Cartesian Oval whose foci are at and and which 
passes through P. Its equation in bipolar coordinates is ” r* 


4- = const., 1 >- 

and being the variable radii vectores. For points on thisnval 


dn do 


d d 

^ 4 is a constant, say ; for points within this oval 4. < Z; 

'^’1 '^^‘2 . d d ^^2- 

and for points without this oval + 3 

Hence the time occupied by the ray in passing from to P ds ^ 
niaximum or a minimum according as the curve cut from Ae sur- 
face by the normal plane through JJ and lies within or jyithout 
this Cartesian Oval in the neighborhood of the point P. 
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SPECIAL CASES 

L THE PUAC’TICAL APFLKEV'riOX OK 'I’HE (MUTEKIA TUA 
HAVE BEEN HITHERTO (HVEN AND A METHOD FODNDK 
UPON THE THEORY OK FUNCTIONS, WHICH OFTE 
RENDERS UNNECESSARY THESE CRITERIA 

93 . The practical application of the cHtablinluHl critc^ria in : 
many cases connected with very great, if not inHurmountab 
difficulties, which, however, cannot he diHregurtled in tlu‘ theor 
For often the solutions of the cciuationH § HP, [r], (uuinot 1 
effected without great labor, if at all, and theundore tlu^ form 
tion of the function <f> is impossible. It also happens, wm if tl 
function <f> can be formed, that the distniHsion regarding tlu^ (‘.oidl 
cients of Ae=^0 is attended with much diflumlty. Moreover, tl 
formation of the function ^ and the invi^stigation rtdative to tl 
coefficients of are very oftem umuH*.eHHar}% Hin(‘,e through (lire< 
observation we may in many eases deUu'mim^ whetiuu’ a maximui 
or a minimum really (exists. If it then happens tliat the (Hpiatiot 
[e] admit of only one real solution (i.a of a real systiim of valm 
‘^ 2 ? * ' '^n)» we may he sure that tfiis is in rtmliiy thes maximui 

or the minimum of the function. In tlu^ same way, if wt^ can coi 
vinc(3 ourscalves a janori that both a inaxinuun aiul a miitimu] 
exist, and if it happens that the tajuations [c] offer only two rt3i 
systems of values, it is evident that the one systcuii must corn 
apoud to the maximum value of the function, the othm* systei 
to the minimum value. 

The determination as to which of the two systiuns of valiu 
gives the one or the other is in most cmaea easily determined. 

One cannot be too careful in the investigation wliether on 
position which has been determined from the eejuations [a] an 
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[c] of § 89 there really is a maximum or a minimum, since there 
are cases in which one may convince himself of the existence of 
a rnaxinmin or a minimum, when in reality there is no maximum 
or minimum. 

For example, to establish. Euclid’s theorem respecting parallel 
lines, one tries to prove the theorem regarding tlie sum of the 
angles of a triangle withoiit the help of the theorem of the parallel 
lines. L(^geiidre was able, indeed, to show that this sum could not 
bo greater than two right angles; however, he did not show that 
they could not be less than two right angles. The method of 
reasoning emidoyed at that time was as follows : If in a triangle 
the sum of the three angles cannot he greater than 180°, then 
there must be a triangle for which the maximum of the sum of 
those angles is really reached. Assuming this to be correct, it 
may be shown that in this triangle the sum of the angles is equal 
to LSO®, and from this it may be proved that the same is true of 
all triangles. 

We see at on(*,e that a fallacy has been made. For if we apply 
the same conclusions to the spherical triangles, in the case of 
which the sum of the angles cannot be smaller then 180°, we 
would find that in every spherical triangle the sum of the angles 
is equal to 180°, which is not true. 

The fallac’.y consists in the assumption of the existence of a 
maximum or a minimum ; it is not always necessary that an 
upper or a lower limit be reached, even if one can come just as 
near to it as is wished (see § 8). 

( hi tins account tlie aHsumi)tion of the existence of a real maxi- 
mum is not allowed without further proof. We therefore endeavor 
to givt*. the cjistence-proof. For this purpose we must recall 
sdv(a*al tluHirems in the theory of functions.* 

94. We call the (iollectivity of all systems of values which -n 
variable quantities assume the realm (Gehiet) 

of these quantities, and each single system of values a position 
in this realm. If these quantities are variables without restric- 
tion, so that each of them can go from — oo to -|- oo, we call the 

*Note especially § 137. 
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realm considered as a whole (Gesarntgebiet) an n-ple multiplicity 
{tirfache Mannigfaltigkeit). If x^, x^, ■ • are indopendent of 
one another, then we say a definite position «„) lies 

on the interior of the realm if these positions aiui also all their 
neighboring positions belong to this region; it lies upon the 
boundary of the realm if in each noighborhood as small as we 
wish of this position there are present positions which belong 
to the realm, and also those that do not belong to it; it lies 
finally without the defined realm, if in no neighhorbood as small 
as we wish of this position there are positions whit^li belong to 
the defined region. 

If the quantities x^, .r„, are, suhjecitod to rn equations 

of condition, then we may express these in terms id n. ~ m, indts- 
pendent variables u^, u^, • • •, definition may 

be applied to these variables. 

95. The following theorems are proved in the tlie.ory of fune,- 
tions: (1)* If a continuous variable (juantity is defimul in any 
manner, this quantity has an upper and a lotoer limit; that is, 
there is a definitely determined (quantity // of such a kind that 
no value of the variable can ho greater than g, although there 
is a value of the variable which can come as near to g as wo 
wish. In the same way there is a (luito determined (piantity k of 
such a nature that no valuta of the variable is less than k, although 
there is a value of the variable that comes as near to h as wo wish 
(see also § 8). 

(2)t In the region of n variables ajj, x^, • • •, x„, supjHwo wo 
have an infinite number of positions defined in any manner; 
let these be denoted by (a;J, • • •> •^n)- Furthermore, supi> 0 Kt^ that 

among the positions we have such {msitious that can eoimj 
as near to a fixed limit «„ as we wish. Then we have in the 
region of the ejuantities iCj, x.j, • • •, x„ always at least one definite 
position (atj, a^, ■ ■ •, a„) of such a nature that among the definite 
positions (ajj, • • •, xl„) there are always present [Hisitious that 

•Dinl, TheorU der jeunetionen, p. 68. See al»o a paper by Stol*, “B. Behano’* 
Bedeutung In der Geschlohte der Infinitesimal Reohnung,” Math. Ann., Vol. XVIII. 

t Bieimaiui, Theorie der An. Funk., p. 81 1 Serret, Oak. Aiff. «< int., p. 26. 
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he as near this position as we wish ; so that, therefore, if S denotes 
a quantity arbitrarily small, 

(X = l, 

position lies either within or upon the boundary of the 
defined region {x[, 4, . . x!^), 

96. This presupposed, let us consider a continuous function 
032, “ • Xn)y and let the realm of the quantities 
be a limited one, so that, therefore, we have systems of values 
which do not belong to it. If for every possible system of values 
(^1? ‘ ^n) we associate the corresponding value of the 

function, which may be denoted by 03,, +1, then we have defined 
certain positions in the region of n-\-l quantities. For the 
quantity there is according to the first rn. - 
theorem an upper limit consequently, ^ 

owing to the second theorem there must be ^ 

within the interior or upon the limits of the 
defined region a position (a^, • • •, a^, 

of such a nature that in the neighborhood of 0 xi a 
this position there certainly exist positions 
which belong to the region in question. 

Now if it can be shown that this position hes within the interior 

of the region, then there is in reality a maximum of the function 

on the position {a^, a„...,a,)ion the con- ^ 

trary, if the position lies on the boundary, t 

we cannot come to a conclusion regarding 

the existence of a maximum of the func- ^ 

tion x^+i. _l Ly 

o sc cfc sc 

It may in many cases happen that one ^ 

can show, if {x-^y x^, • • •, is any position 
on the boundary of the realm and if 03^+1 
denotes the corresponding value of the function, that there are 
present within the realm positions for which the values of the 
function are greater than for every position on the boundary. Then 
the position which we are considering here cannot he upon the 
boundary, and it is clear that the limiting value of the function 


0 Xi ax. 


a a 
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can be assumed for a definite position within the interior, since 
the function varies in a continuous manner. The analogue is, of 
course, true for a minimum. If, however, 
it does not admit of proof that there art* 
positions on the interior of the defined 
realm for which the value of tlie function 
is gi-eater or smaller than it is for all 
positions on the boundary, then nothing 
can be concluded regarding tin* real exist- 
ence of a maximum or a minimum ; the 
position (aj, a^, • ■ «„) would tlum lie 

on the boundary of the region, and tlmre might be an asymptotic 
approach to the limiting value , without this vahm’s htnng in 
reality reached. Such cases need especial attention. 

The figures give a plain picture of what 
has been said for the case y = /(a;), wlu'rc ./■ 
is limited to the interval (x^ ■ . . j- ■ ■ . 

97. Analogous considerations of tin* 
above are fundamental in the very defi- 
nition of an analytic function, for con- 
sider a power-series of x assumed or ejiveu 
in any manner; let x' hr, a definite raliir 
of X. Then there are three jumsikUUieH : 

(1) od may lie in the reyion of converyenre of the yiren series 
or of a series that is derived (§ l.HH) from- theyiren series ; the value 
for x = x' of this series is a value of the analytie. function which 
is determined throuyh the oriyinal series. In other words, if with 
Weierstrass we call the oru/inal series us well us any other series 
derived from th/is one, xoith reyard, to the function which it repre- 
sents a function-element (Functionenelement), then the first possi- 
hility consists in that, if any function-element is yiren, the definite 
value od lies in the region of converyenee of a funetionrehment 
which is derived from the given one. We admit here also the. 
complex variable. 

(2) It may happen that x' does not lie. in the reyion of eon- 
vergence of arvy series that has been derived in this manner and 


\fttrimum nn Mr Hmltlnf/ 





rVwr qfani/mptatli' appr'oach 
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that we cannot derive from the original function-element another 
functian-element whose region of convergence can come as near to 
the point x' as we wish. In this case the function does not exist 
for X = x'. 

(3) Although we ca,wfwt find a power-series within which x’ lies, 
nevertheless, it sometimes happens that we may still derive elements 
whose regions of eonvergmcc contain positions which can come as 
mar to the point A as we wish. Whether we can then define the 
function for x ~ A by the consideration of boundary conditions 
must in cacli case bo considered for itself. 

If we have (iase (1) before us, then the function is defined 
not only for every value A but also for all values in the neigh- 
borhood of A and has for these values the character of an integral 
function. 

The definition of an analytic function as thus given is prefer- 
able to other definitions from the fact that the existence of 
general analytic, functions is at once recognized; in short, that 
we have vmder our control, in our possession, all possible analytic 
functions. Every possible power-series witlfin a region of con- 
vergence gives rise to the existence of a definite analytic function. 
Moreover, om*. must assume the duty of proving in the case of 
every examph* tliat it leads to just such functions. 

For this reason investigations are necessary of which formerly 
wo find no tracer If we have a differential equation, we must 
begin with the proof that the functions which satisfy the differ- 
ential e(iuation arise from such function-elements as we have just 
explaiiKwl ; that is, we must first show, if y is the unknown func- 
tion and .<■ is the variable of the differential equation, that this 
cc] nation can be satisfied through y — P{x—a). Eeciprocally, if 
any variable (piantity y is so connected with another variable 
i[uantity x that it satisfies the differential equation, we must 
show that it may be derived from one single function-element in 
the manner indicated. This last proof is of especial importance 
in the application of analysis to geometrical mechanics. 

When a problem is given in mechanics, we have to represent 
the coordinates of the moving point as functions of the time. 
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Only real values are permitted in (his problem. We cannot 
therefore a priori know whether the rctpiired functions arc 
analytic or not. 

These functions are generally defined through diU'erential ecpia- 
tions. We shall give the simplest case as an example. Suppose 
we have a system of points that attract one another according 
to an analytic law, and let .a,, • • •, .c„ ho the c-oiirdinates of 

these points. If the motion is a fnu'. one, we have the ilifl'erential 
equation in the form 


where F denotes a given function of ,Cj, .... With such 
a problem, we have to prove before, (werything el.s(« that the 
required functions of time are analytic, function.s. If for the 
point t = the initial position and the initial vidocity art' given, 
then in the neighborhood of the initial position wtt can lind 
power-series, and we have to show that through lhi>se, power- 
series the required functions are comple.tely determint'd. 

ri. EXAMPLES OF IMPROPER EXTREMES WHERE 'PHE HIE 

FERENCB/<’(«i + ^.«a + /'2 /■'(«,. «,,) IS NEITHER 

POSITIVE NOR NEOATIVK BET ZERO ON THE POSITION 
(a„ WHICH IS TO BE INVESTICATKl) 

98. We shall now consider a c-ase which is not includt'd in the 
previous investigations, but may htt in a (atrtain imtiisure redutted 
to them: The definition of the pro|mr extrenuts of a function 
consists in the fact that the diffcirence 

AXUi-f Aj, . . ., a„+/i„)- /’'(fi,, aj (f) 

must he invariably negative or invariably positive. 'I'hcri' arc cascss 
where an extreme does not appear on the position a.j, - ■ «„) 
in the sense that the above difference must bo positive or nega- 
tive, but in the sense that the difference must Ixs zero. 

Suppose, for example, we have the problem: Determine a 
polygon of n sides with a given constant {asrimeter S whose area 
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is a maximum, — a problem which we shall later discuss more 
fully (see § 101). 

If this maximum is attained for a definite polygon, then we 
may at pleasure change the system of coordinates by alidiTi g the 
polygon in the plane without altering thb area. 

For example, let «, = 3, and {x^, y^), (x^, y^), and {x^, y^) be the 
coordinates of the vertices of the triangle. Then the expression 
which is to be a maximum is 

A'= I {xi'y^ — — 

where the variables are subjected to the condition 

S = n/ — u;j)^4- (^2 ~y-d^+ “ *^ 2 )^ + iVs ~ 

+ 333)2+ 2/3)2. 

There will not only be one system of values which gives for 
F a maximum value, but an infinite number of such positions ; 
since, if we take the triangle in a definite position, we may move 
it in its plane at pleasure. This is therefore a case where the 
(lifference {%) is not positive or negative but zero. 

99. Such cases, however, may be reduced to maxima and 
minima proper if we choose arbitrarily some of the variable 
quantities. In the special example of the preceding section we 
may assume a vertex of the triangle at pleasure; let it be the 
origin of coordinates, and we further assume that one of the 
sides coincides with the positive direction of the JT-axis, so 
that we may write — j/2 triangle 

is to lie above or below the X-axis, the problem is completely 
determinate. 

In so far as the necessary conditions for the existence of an 
extreme are (X)ncerne(l we may proceed in precisely the same 
manner as we have hitherto done, since nnder the assumption 
that there are no equations of condition we have 

• • •» ^n) ^n) 

«mn 


(it) 
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If a minimuni is to be present, then this difference can never be 
negative, but may be zero. For this to be possible the first deriv- 

ec = n 

atives must all vanisL Since, if the sum 

a = l 

had (say) a positive value for \ = then we 

could place equal to cjb and then choose h so small that the 
sign of the right-hand side of (ii) would depend only upon the 
sign of the first term. If we then make Ti positive or negative 
the difference would also he positive or negative. 

If equations of condition are present, it may be shown, as 
above, that the derivatives of the first order must vanish, since, 
if all these derivatives did not vanish, we might express some 
of the through the remaining ones, and then proceed as we 
have just done. The required systems of values • • •y x.^^) 

will therefore be determined from the same equations as before. 

100. If we have found a system of values of the ir’s which 
satisfy the equations of condition of the problem, then in the 
neighborhood of this position there will be an infinite number 
of other positions which satisfy the equations. These last are 
characterized by the condition that the difference (i) vanishes 
identically for them. 

This is just the condition that made impossible the former 
criteria, by means of which we could decide whether an extreme 
really entered on a position ag, • • •, that was determined 
through the equations in x^, ^ 

One must therefore seek in another manner to convince him- 
self which case is the one in question. 

This is further discussed in the following problem : 

101. Problem. Among all polygons which have a given n'tmiher 
of sides and a given perimeter, find the one which contains the 
greatest surface-area. (Zenodorus.) 

We see at once that the problem proposed here is of a some- 
what^different nature from the problems of §§ 90 and 91, since 
the existence of the maximum value of the function is no longer 
the question, as was proposed in § 49 and held as fixed through- 
out the general discussions. For if the definition of the maximum 
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is such that the function on the position (a^, a^, • • •, «„) must have 
a greater value on this position than on all neighboring positions, 
then in this sense our polygon could certaudy not have a maximum 
area ; since, if we had such a polygon on any position, we might 
slide the polygon at pleasure without changing its shape and eon- 
socpiently its area. Therefore only a maximum of the area can 
enter, in the sense that the i)oriphery remaining the same an in- 
crease in the area of the surface cannot enter for an indefinitely 
small sliding of the oiul-points. We consequently cannot apply 
our general theory without further restriction. 

102. lAit the coordinates of the n end-points taken in a definite 
order he r « 

The double area ot a triauglo which has the origin as one of its 
vertices and the coth'dinaUvs of the other two vertices and 

is, neglecting the sign, determined through the expression 

‘^iy2 

To detenuilui the sign of this expression we suppose that the 
fundamental system of (‘.oiirdinates is brought through turning 
about its origin into Bucb a ]K)sition that the positive X-axis coin- 
(ddes with the length 01. We call that side of the line 01 'pon- 
live on whi(‘.h lies the positive direction of the } -axis : The double 
area of tlu^ triaughi 012 is to be counted positive or negative 
a(‘,c.ording as it lies on the positive or negative side of the line 01. 

If the point 0 has the coordinates Xq, the double area of 
the triangle is 

2 (y.j yo) (^1 2^0) ("*'■2 

where tlie above critt‘>riou with reference to the sign is to be applied. 

For the ])Dlygon we shall take a definite consecutive arrange- 
ment of the points (1, 2, • • •, n) and, besides, we shall assume that 
no two of the sides cross each other. The last hypothesis is 
justifiatde, since we may easily convince ourselves that if two 
sides cut each other we may at once construct a polygon whose 
sides do pot cut one another and which, having the same perim- 
eter as the first jiolygon, incloses a greater area. 
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Within the polygon take a point 0 = (a;,,, y„) and draw from it 
in any direction a straight line to iidixdty. This straight line 
always cuts an odd nmnhcr of sides of tlic. pol^ygon. 

Now if we follow the periphery of th«i pi>lygou in tiie fixed 
direction (1, 2, • • •, «) and mark the interse.ction of a side by the 
straight line with + 1 or — I, ac.e.ording as we. ]iass from tlu>. nega- 
tive to the positive aide of that line or vie.e versa, tlum the sum of 
these marks is either -|-1 t)r — 1. In the first ease W(* say that the 
polygon has been described in tlu^ jiositive 
direction, in the second case in the nega- 
tive direction. 

It naay be proved* that whate.v(*r point 
be taken as the point 0 within the pt»ly- 
gon and in whatever direction the stnught. 
line be drawn, wo always have the samci 
characteristic number -f- 1 t)r •- 1 if in eacdi cast' the positive 
side of the straight line has been eomndly determined. 

103 . The double area of the polygon is 



-(®8-“=o)(y2-2/o)+ • • ■ (''V -f/o); 

or 1- («) 


where the positive or negative sign is to 1 h> Uiken according as the 
polygon has been described in the poHitivt» or n«*gntive direction. 
We may, however, eventually bring it about through n^verting 
the order of the sequence of the ond-jKiints that th(< e.'cpression 
2 i?' is always positive. 

104 . Suppose that this has been done. The function 2 F is to 
be made a maximum under the condition that the jsiriphery 
has a definite value N. 

We may write 

«l,2 + «2,8d = {$) 

where {i) 


* The proof is found in Cremona, Ektmnti M gmmMHa pntiMimt, 
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Form the function 

G = 2 « (81,2+ 52,8+ • • • +Stt,l— (8) 
and placing its partial derivatives equal to 0, we have 


O'' /y> /vi ___ /v^ 


?/x + l-yA-l + « 


?« Sir_?> 11 + . 0 

d'A \ ®X+1, A A-l, A / J 

(X = 1 , 2, ■ • ; however, for X = » we must write X + 1 = 1). 

Take in addition the equation (^) and we have 2n + l equations 
for the determination of the 2 n + 1 unknown quantities 

‘’^' 2 > ‘ ' ’> y\> 

105. To reach in the simplest manner the desired result 
from these eciuations, we adopt the following mode of procedure. 
It we write + 

then geojnetrically interpreted, represents the length from the 
point X — 1 to the point X both in value and in direction. 

If, further, we write 

A = K - *A -1) - » (S^A - yx -1). (’’) 

then «a-4=Sa-i.a- 

Multiply the first of eciuations (e) by i and subtract from the result 
the second ; then owing to (S') we have 


ZA+®A + r+®^ 


Ji±L)= 0, 


«A-1,A ®A,A+1 


Now, multiplying the last two equations together, we have from {6) 


and therefore 


aJ_l,A= *A,A+1 
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106 . Since is an essentially positive quantity, it follows 
tliat Si — 1 I * *v 


— '''A.Af 1. 


(«) 

and consequently the sides of the polygon arts all equal to one 

jS 

another. Hence each side = -> and we have from (i) 

% 


1 , 


If we write 


e.in. +■ iV 
ei)i H 

u 


r ” (‘OUHt. 


where den^ltes the angle which .‘?a-i,a nmk(‘H with the A-axin, 

M - -56a) f ^ c( )IUSt. , 

or <3!>x f j- <5f>A - (X) 

that is, all the angles of the polygon are e(|nal to one another, 
and consequently the polygon is a regular out*. 

It is thus shown that the conditions whit‘h an^ had from the 
vanishing of the first derivative's C4in be satisllcd only by a rtgular 
polygon; that is, if there is a polygon which, with a given pt*.rim- 
eter and a prescribed number of sides, has a grcuti^st an*, a, this 
polygon is necessarily regular. 

Our deductions, however, have in no maiuu'r nwiutltul that a 
maximum really exists. 

107 . To establish the existencu^ of a natximum we nnist apply 
the method given in §§ O.H- 9(5. We notc^ that an uppi‘-r limit 
exists for the area of the polygon, from the faci that the number 
of sides and the perimeter are given; for if we conHidi*r a scpiare 
whose sides are greater than the given perinu*tm* S, we can lay 
each polygon with the perimeter S in this stjuare, and in such 
a way that the end-poinhs of tlie polygon tlo not fall upon the 
sides of the stpiare. Hence the area of tlm polygon cannot he 
greater than that of the square, and (u>nHetjucntly tluu’e must be 
an upper limit for this area, which may bc^ denoted by The 
question is, Can this limit in reality be reaclmd for a definite 
system of values? The variables yf^ being 

limited to this square, there must be (§ 96) among the |K)sitions 
(a?p y^] a? 2 , \ which fill out the stjuare a position 
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(®i> \\ ^2 j ■ ■ ■ i ^n) of such, a uaturc that in eyery 

ueighborhood of this position other positions exist for which the 
corresponding surface area F of the polygon formed from them 
comes as near as we wish to the upper limit. We may assume 
that this position is within the square, since if it Mes by chance 
on the boundary, then from what has been said above, it is 
admisKsible to slide the corresponding polygon without altering 
its shape and area into the interior of the square. 

We assert that the value of the function F for the position 
(«i, \ ; «2> h'y • • •; 'bo ^>ii) J“ust necessarily be equal to Ff^. For 
if this was not the ('.ase, the inequality must also remain if we 
subject the points Wj, /q; a^, fq; a,j, to an indefinitely 
small variation ; and on ae, count of the continuity of F it would 
not be possible in the arbitrary neighborhood of {a^, \ . . . ; &„) 

to give positions for which the corresponding area comes arbitrarily 
near the upper limit This, however, contradicts the conclu- 
sions previously made. Hence all n corners with a given periph- 
ery not only approach a definite limit with respect to their 
iuclused area but this limit is in reality reached. Since, furthermore, 
the necessary conditions for the existence of a ma xi mum have 
given the regular polygon of n sides as the only solution, and 
since wo have seen a maximum really exists, we may with all 
rigor mahe the conclusion : That polygon which, with a given 
periphery awl a given number of sides, contains the greatest area 
is the. regular polygon. 

PROBLEM 


Amimg the regular polygons with a constant periphery, the one with 
the greatest number of angles has the greatest area. (Zenodorus.) 

108. Hadamard’s problem. If = y^, %), = y^, z^), 

= yg, Zg) are the rectangular coordinates of any three points 
from a fixed origin <>, the volume formed on the three lines OAj, 
OAj, OAj is 



Hv 

*1 


x^, 

Vi’ 

«2 

7 

®8> 

ya> 

*8 


zf= 

df 

(i = 

1, 2, 3), 


and if 
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where d^y d^y d^ are positive constants, it may he (uisilj; sliown 
that A is a maximum when A = ^/j^ • or, of all parallelo- 

^npedons constructed on the thi^ee sides 0.1 00,^, the, 

having the greatest volume is the rciUangular pamllelopipedon. As 
the parallelopipedon may occupy an infiuih^ muuhi‘r of positions 
without changing the origin, wo have*, here a case of improper 
maximum which is of interi^st. 

The extension of this problem is due t(> Iladamard.* 


*^’iu 

•D‘2’ 

* * *j 

11 




‘^’*2 n 

•^'nv 

ap 




where + . . . + .r? dj^ (/ — 1, 2, • • •, //). d\s being 

positive consta7htSy shov) that the ifiaxitnaai of the atmliite value 

A = d^.d., d,,. 

This may bo done as follows : 

Let the determinant he developed with respi^et to the cdiumaits 
of the -ith line, so that 

A Ai iXi I + ' ' • + (0 


We then have to hud the maximum or Uit^ minimum of the func- 
tion A of the n variables a’n, ^> 2 , * . which un^ (amnected 


by the relation 


•'fi + '-'-faH +''f„ 4 


(«) 


The Lagrange method (§ 80) leads at oiaa* to tlu^ (‘onditions 


If Xf^iy elements of anotluu* line of the 

determinant, we have 

+ * • • + AfyfXj^.,, 0 ; (iv) 

or, from (ii)y - 0, (v) 

where i ^ k. 


* Hadamard {Bull dm Sc^Mnem MatMmatiqvm, Hmumd Sarii^H. Vol XVU, imW), 
Proof by Wirtlupfer (ibid., 1908 ). An Intoroatlnic apidlc'iitloa of this problem in fenmd 
in BAcher, IntmluHlon to the Btudtt of Integral KgmaUmn, pp. .11 vt wiip 
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From this we conclude that tlie determinant can only have an 
extreme value when it is orthogonal. 

When the conditions (v) exist, the square of the determinant 
is another determinant, in which all the elements are zero except 
those of the principal diagonal, which are cff, d^, ■ ■ d\. 

It follows that 

Ilc^re again w(‘. liave an improper extreme which it is interesting 
to consider further. 


HI. (^ASES IN •WIIHUI THE SUBSIDTAKY CONDITION’S ARE 

NO'r 1'() BE re(;ari)EI) as equations but as limitations 


109. Ikvsides th(^ jiroblemn already mentioned, those problems 
are i)arti(ailn,i’ly des(‘.rving of noti(‘.e in which the conditions for 
tlie variable's a.n‘. not given in the form of equations but as 
restrictions or limitations. 

For examplt^ h‘t a point in space and a function which depends 
upon th(^. coordinates of this ])oint be given. Furthermore, let the 
point be so rt^stihded that it always remains within the interior of 
an ellipsoid; tluai the restriction made \ipon the point is expressed 
through the inc‘.(|uality 


0 ^ 


+ ":< 1 . 


We luiv(‘., accordingly, su(‘.h limitations when a function of the 
variabh^s is given whi(‘h cannot exceed a certain upper and a 
certain low<‘r limit. 

We mak(‘ smh a r(‘striction wlien w(‘. assume that a function 
J\ shall always li(‘. httween lixed limits a and 1), 

110. This limitation, which consists of two inecpialities 

l/t] a </, < h. 

may be (easily reduced to one. 

For from [(z] it follows necessarily that 

and, reciprocally, if [/3] exists and it a <h, then must be 

situated betwenm (t and b and consequently [<^] must be true. 
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Every limitation of the kind given may be analytically repre- 
sented as one single inequality of the form [/Q]. 

111 . We must next find the algorithm for the cases under 
consideration. This may be done at onc‘,e if we consider that 
such cases may be reduced to those in whi(‘,h o(tcmr exiuations of 
condition. For this purpose we need only (‘stahlish tlu^. problem 
of finding the maximal or minimal valm‘s of a fimeXion whose 
variables are subjected to certain conditions us follows: 

It is required amon.ii all systevis of vahies irliieh Hatisfy the 
equations 2 , • • m) to find those for lohie.h F is a 

niaxminm or a mdninhvm. 

By proposing the problem in this maniu^r, it is Mear that all 
the variables .r which ai)i)ear in the ecpmtions of conditicm need 
not necessarily be contained in the function. 

Suppowse further wo have the limitation that 

M /a.>0, 

then, through the introduction of a new variable^ + we may 
transform this limitation into an e([uatiou of cotidiiion. For, us 
we have to do with only real values of the variables, tlu^ i‘(|uation 

[r] //-=•'■, 

denotes exactly the same thing as [7]. 

If, therefore, a function .r„) is to h(‘ a maximum 

or minimum under the limitations 

/i == 0, = 0, • * •, ^ d, 7/,* } 2 " t 

where the/'s are functions of tlum we may solve 

this problem if instead of the r last restric^tions we introduce the 
following limltationB : 

/m 4 1 ^ f n y f 2 f 2 » * * *» ./m M* ' f r* 

The problem is thus reduced to the one of finding among the 
systems of variables those systems for which F 

is a maximum or a minimum. 

112 . Examples of this character oeemr very frequently in 
mechanics. As an example consider a pendulnni which emmsts 
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of a flexible thread that cannot he stretched. The condition under 
which the motion takes place is not that the material point remains 
at a constant distance from the origin, but that the distance can- 
not be greater than the length of the thread. Such problems are 
more closely c.onsidered in the sequel. It will be seen that by 
means of Gauss's principle all 'problems of mechanics may be reduced 
to 'problems of maxima and minima. 


IV. (JAUSS’S PRINCIPLE 


113. For the sake of what follows we shall give a short ac- 
count of this principle: Consider the motion of a system of points 
whose masses are m.j,, • • m.^^. Let the motions of the points 
be limited or n^-stricted in any manner, and suppose that the system 
moves under the inlluence of forces that act continuously. For a 
detinite time let the i)ositions of the points and the components 
of velocity both in dire(‘lion and magnitude be determined. The 
maniu‘,r in wliicdi tlu‘. motion takes place from this period on is 
determined through Causs's principle: 

IvCt /ip -i« bti the positions of the points at the moment 

first considennl; //p the positions which the points 

can take. afic‘.r the lai)se of an indefinitely small time r, if the 
motions of these points are free; • • •, the positions in 

which th(‘.Be points really are after the lapse of the same time r; 
and, finally, l(‘t • • •, 0^ be the positions which the points 

may also possibly have assumed after the time t, when the 
conditions are fulfilled. 

If we form 

vbjij', and , 

it follows from (rausa’s principle that from t = 0 up to a definite 
value of T th(i (‘.oiidition 
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114. To make rigorous deductions from (lauss’s principle, which 
was briefly sketched in the pnicodiug section, we .shall give a more 
analytic formulation of it: For this pur|io.se. we dmioti'. the- coordi- 
nates of A, by av- /A. the comitonents of the, vidocity of by 
yl, z,',, and the eomixinents of the force acting upon .•!„ by 




The coordinates of /A are therefore 
Vi 


f , I , t ^ 


and froiu Taylor'n ilie.orem tha (^oiirdinatCH of arc* 

x^ + rxl+--xl^+ • - •, 'i/y+ T//„+ 1/^ + • • *, + + y* + 


conseciueutly m) have 
[2J 


r..)a+(r;'~4)3}r.4.. . .. 


Instead of xl', however (see preceding section), other values may 
j)Osaibly enter, say .r/'d- »<> that we havi( 


[3] f,. - 

+• + Vr~~ 1 V)’"* + {'!■' + C ”*1 f • • •. 

It follows from Gauss’s princnplo that tla^ (lifTt*rtnic*.u of tlui huiuh 
[2] and [3] must always bo positive. 

Hence 

[4] 0 > 1 2 [U4' - + V. Ca" ~ F„) + C (z:' - /,) 1 

+ + Vr ■+■ 

that is, the quantities xl', y'J , «" must be such that tlm sum [2] 

is a minimum. 

Hence, among all the xl\ yl\ z^/ which are aMsiKUiiietl with 
the conditions of motion, we must m^ek tliose whicdi make [2] 
a minimum. 

115. We have reached our proposBd object if wti can show 
that the ordinary eciuatiotia of mechanics may Imi tlerived from 
Gauss’s principle. 
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If there are no ecjuationa of condition present, then clearly [2] 
is (.)nly a mininmin wluvn 


vJ 


4’ = 


If, however, we hav(‘. (‘.(luatiouH of condition, for example, if any 
of the va,ria,hh‘s a.re cotuuH‘Xed by a relation such as y, z)= 0, 
then these must hold true throughout the whole motion. They 
may tlierefon^. b(‘ diirerentiated. We have in this way equations 

in and - Dihereutiate again and we have equations 

dt d( at 

hi > Vv ^ zl! . 

llemus in (conformity with the rules that have been hitherto 
found for tlu^ tlucory of maxima and minima, the quantities 
xl\ yl\ zl^ to hi' so determined that the derived equations 
of {’condition are satislicnl, while at the same time [2] becomes a 
minimum. But in this (case also, as is easily shown, we are led 
to tlu^ usual dilTerential e(iuationB of mechanics. 

116. The tlucory of maxima and minima may be applied 
to realms which arcc H(‘(‘.mingly distant from it. An example 
in ([uestion is the proof of a very important theorem in the 
theory of functiuns. 


TiIK itKVKKHlON OK SkUIKB 

/olltiwinti 11 et/uMtiom e,cwt mum/ the variables Xp 

1. .'/i 

i. Uv 

• • •. Vm 



!h 

"U‘''i + "w'-a + • 


1 

!h • = 

«2i-'i + «a»'a + • 



^ hn 


• • “f" 


whw ths twi/fmenk (m (he right-hand side are given finite quan- 
Htks and (he power-seruB ki the ‘<dB of such a nature 

that, each ninglc term is higher than the first dimension, and 
if the sirim (m, the rujhtdumd side are convergent and the 
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determinant of the nth order of the linear funatiom of the 
x’b which appear in [1], ■rMindy, 


[ 2 ] 



0-11, 

0^12, • ’ 

• N fhn 

A--= 


^^22» * ’ 



h 

* * 



■is different from zero, then, reriproealli/, the .r's ‘may aho he 
expressed through convergent series of the n gnantities g inhieh 
identically satisfy the equations [ I (. 


117. As an algDi'ithiu fur llic. n-iire.seutatiun <if t,liu serum fur 
the *’s, wo luako use uf the following metluKls (cf. §§ I lift, KKi); 

If we solve the cMiuationa [1] linearly hy bringing the teruus of 
the higher powers of the .l•’s on the h*ft-haiul side, w(4 have 




, -rln 1 


A.., 


7%-XJ+ T(d. X.JA X„). 


where deuoteH the correapeiiding firnt-iiiinor of in [2]. 
It is seen that in geneiiil 


m “-=2, 2, 


I'-i 


.r 


where • • •, ilenoten ternm ot the m^t‘ond and higlier 

ditnensiouvS in x,^. 

We shall therefore have a tirnt approxiinaticai U> tlu* renult if 
we consider only the termn on the rightrhand aide of [2| which 
are of the first dimension. A second approximation is rt^ached 
if we substitute in the right-hand side of [:l] the, first apjU'oxima- 
tions already found and reduce everything to terms of tlie second 
dimension inclusive. Continuing with the second approximatiemK 
that have been found, substitute them in f.l] anch neglecting all 
terms above the third dimensions, we have the third approxi- 
mation, etc. ; we may thus derive the xn to any dcigree of 
exactness required. 
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* 


Since ./ is found in all the denominators, the development 
converges the more rapidly the greater A is. 

118. In what follows we shall assume that the quantities on 
the. right-hand side of [1] are all real and that we may write 

Xx~ • • • (X = l, 2, • . n), 

wluu’ct l/y, is a, homugeneouH function of the ith degree in asp 
.r.j, - ■ and e,onac(inently hy Euler’s theorem for homogeneous 
functions 


X 

2 

‘ iJ.r, 2 

r 

a/i. 

•4 

,, ^-«A2 

hi o 

1 

‘ ilr, 3 


•■+r 

r 

4-'. 

4 

+ 1 
4 



hi o 

dx„ 


f 


(X-I, 2,...n); 

X, ' ' •''! X, 1+ Xvi+ • • • + Xw 

vvluiro the ([uantiti(‘.M (X=r=: 1, 2, — , 7b; fi— 1, 2, • • •, n) are 
cMnitinuouH fuiHiioiiH of the .v'h, which become iudefiiiitely small 
with tlu‘. .r\s. 

The Hyntem of (‘quation.s [1] may then be brought to the form 
[I'M .'/a \^(''a^ +X J •'V (X = 1, 2, . • n). 

(A -»• I 

The th(‘orem of § 1 IB in this modified form may be expressed 
as follows : 

(1) It in (thmi/H ptmible so to fix for the 7)aTiaUe8 • • •, Xy^ 

wnd //j, ' • % //„, limits • • •, g^^ and Ag, • • •, A,^, that for 

everg m/sfrai of the g's for 7ohich there exists^ one 

sysimfi of the xs far which ^ 

the etpiatimis ( 1 rb] are satisfied. 


^ Bfl« Biantyiim, Theo. Oer An., Funk., p. 2;i4, and also Stolz, p. 172. 
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(2) Tlie solution of the equations [1«J has <(■ fonn similar to 
the equations [In] themselves, viz.: 

[3n] +Y J - J. 3, . . n). 

fi- ~ 1 , 

where the are continuovs /ancMons of the //’.s\ ir/i kh become 
indefinitely small with these (jimnlities. 

To prove this theorem we nuike xiho of llu‘. theory of maxima 
and minima. 

119. If we give to the vahie zi‘.ro, tlie (UjuationH [ hr] 

can only be satinlied if their di^Xerminant vanislu‘s, that in, when 


[4] I V +X,J = 0 (X = 1, 2. ■ • n ; fi 1.2,-.-, vi), 

except for the case where th(‘. wh vaniHlu 

For sufficiently small values of the »Fs the. tli^tiunninant [4] is 
not very different from tlie determinant [21. \Vt‘ may tluu'efore 
determine limits y for the .Fs so tliat [4) (*.annot he ztu*o unh^ss 
[2] is also zero. /i = 0 is, however, by hypotlussis excluded. 
Accordingly the y’s can only he /am'o in [ 1 wlum all tlui .r\s 
vanish, provided the .Fa are (tonfine'd within fixed limits. The.se 
limits may be regarded as the hoandaries of a (UdiniUs realm. 
120 . Again, we write 


[5] 


and consider the function 


[ 6 ] 

A-* 1 

In S we shall write for the xh all the HysLenis (}f values wlierc^ 
at least one x lies on the boundary of tla^ rtailm in que.stion. 
The realm of the x'b is thus the totality of tlu*. j'h for whicdi 

|«i^xm+Xa^! when 

(X = 1, 2, • . n; fx- 1, 2, • • n); 

it follows then that [4] is not zero, sim^.a is by hypothesis 
different from zero. 
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When OIK', of tlu*. .I'n roachos its limit, there is no system of 
values of the '''’s for which tlie function [6] vanishes, since the 
function can (as follows from delinition [5] of thei?';^ and the con- 
aidcrations ol § 1 Ih) only vanish if all the y’s and consequently 
all the .r’s vanish. 

Tlu'.rt', is then a. lower limit (H which is different from zero 
for the values of [(>1 which e.orresjxind to a definite system of 
vahusH (.Cj, .r.^, • • •, .!■„) of the, houndaries. 

121. Wt( eoim‘. lu'xt to lhi( determination of the limiting values 
of tlu‘. //’s. h'or (his iiuriioH(^ we eonsiiler the expression 


1,7.1 






If wo (U^tiiuU‘ vuhu‘.H to the ;y’B, then there is for the values 

[7] in tht‘ rtMilm of tlu». /s a HysUnu for which [7] is a minimuin. 

Wc^ wish t(» .show that this Hystom of values of the x's does 
not lit* upon tiu* houmlary of the realm. We prove this by show- 
that tluuH^. is a point irillim thc^. realm where the expression 


[7] has a Hiualhu* vn\m than it has on the boundary. 
Tlu^ (*xpri‘Hsion |7| may ho written 

AH X « X 


X I 


XI 


Miiuui Va' i.s at all »n-ents grentm- than and consequently 


it follows that 

fi •“ H 


7'’x 

x/a' 


< I, 


S'/';,//.* 

whoro iho //'h urt^ tlu^ limits of tho y/s. J'rom this it results that 

#» ■■ n 


XiK !/.f> 

and* (’onsoc|ta‘ntly. for a groatcr reaHun 

u 1 1 


(81 
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The limits must be so chosen timt the right-haiul side of 
[8] is positive. This choice can be madt^ so that the expression 
oir the right-hand side for a system of .e’s which Indongs to the 
boundary does not Income arbitrarily small but always remains 
greater than a certain lower limit (see the preceding section). 

The expression, however, on the interior of the realm of tlai 
ic’s may be arbitrarily small, vi/„. wlum .r, : .a^ ■ • ■ ./■„ ; . 0. 

For this system of values the left-hand side of [H] is ecpial to 

(I II 


We have therefore found the followiu^^ rt^nuli: JfV ntn (jiir 
limits g to the miriahles Xj and to the i/\h the liniits //, in nneh, 
a way that the expression [7] for systems of etdnes of the xs 
which belong to the houndary of the realm is always greater than 
it is for the zero position (;/Jj ™ x.j^ ... 0), 

Hence the position for whieh the expression |7| is a minwimn 
7nust necessarily lie within the realm of the xs : and ire may he 
eertam that within the realm of the .rs there is a /msition where 
[7] has its smallest value, 

122. Tu order to find the minimal poHititni of [7| whieh waa 
shown to exist in the pnwions ain’t ion we must diflVn*ntiak% the 
function [7] and put the firat juirtial derivutivea <*(|ual to 0. 

This gives 


[s] 




d/'\ 




“ : 0 




ilJ- ' • I, 


These n equations can, in (^ise the dettwininant 


[ 10 ] 



(v.^ 1, 2, ■ • « ; /i 


") 


is different from zero, exist only if the quantities within the. 
brackets vanish. 

[10] is identical with the determinant [-I]; and (see §110) 
it may be always brought about thrmigh Buitahhi (shoiee of the 
limits g of the that [4] is differemt fronf zero if only the. de- 
terminant [2], as by hypothesis is the (mse, is differmit. from zero. 
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Hence the eciuation [9] can only be satisfied if 
[ht] or [5] ;'A = (xj, x^, . . x,,). 

Wo have tlu'.re.lore fouiul that, swice thcTC is ccTtoLinly a, systttn 

i/s=n 

of values of the x's for lehieJi, thx fune.tion '^{y,, is a mini- 

v-\ 

thvre mud uIho he a .Si/dem within the realm of the ds for 
idhich the etjuations [ I ] (tre HuiiHjied if to the //h definite values 
in their realm are arhit raril/f (ftneu. 

123. \Vi^ must furtluM’ sih‘. whether within tlie fixed realm 
tluu’e is ont^ or H(‘.vt*ral systiuus oi vahie.s of the that satisfy 
tlu^ (M|uationH [ I ] with preserilnMl valu(‘.s of the ;?/s which lie 
within (le(init(‘. limits. 

To estuhlish this, ussium*. that (.rp ^^4^ ’ ’ *> *4) second 

sysimn of vulu(‘s that satisfy the* t^<|uatious [1 <'?’•]; we must then 
luive tlu*. (‘([nations 

[HI • • *^‘4) ' K(‘*'v = 0 = • * *> ^0- 

|)i‘.v(‘loping hy Tnyha’s th(‘on‘nu we have, wlu'.n we consider only 
terms of the first dinumsion, 




Tlu‘ ar(‘ functions \vhi(‘h d(‘]H‘nd uixm the .r'’s and and 

vanish with thirst* ([uuntities. 

We may determiiu» the n unknown (|uantities .rj — aip — 

. . j'l " from till* u lim^ar e(|uationH [1 1 a\. 


For smnll vahu^s of ./• and .F tlu^ determinant 


I iiii \ I (^'<p■ e 2, ■ • •, u) 

will he little dirf(‘rcnt from thi‘ determinant [10]. 

We may iheri’fort^ make the limits// of the dn so small that [12] 
is difftmait from w*ro for all tlu^ *Fh and winch belong to the 
realm; and \vhen this has been done, the e(j[uations [11 are only 
satiKtled for {p 1 , 2, • • • , ; 

that is, there exiMti with in the reetlm in qneMion no second system 
of the ds whieh Htitisfien the equations 
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We have therefore come to tlie following ri‘suli : 

It u possible so to tlderm ine the limits tj aiut h thnl iriik every 
arbitrary system of the j/s in which each sinyle vfU'iuhle docs not 
exceed its definite lim iiiny vah(t\ the yivtii v^tadituis [ 
satisfied by one and only one si/stnn tfi the .ds in which these 
q%uintiiies likewise do not eweved their lunitsd 

The lirst ])art of the tluMinna given in § IIS is ihus [iroveil. 

Rkmauk. W<‘ hav<‘ HHsunied thut \v<‘ }m\f tiMluonly \uth rrui inuintiticH. 
The tUHCiiHHioii, heW(*v<*r, is not n'Mlrifird tu Hu«'h 'jountitirs, it \h «‘umv 
to prove that the hiuiu* develepineutH itiuy aN«* hr uuuh* t'ur <‘t»inplrx 
variabloH. 


124 . The vuhu‘H of the ./As whic’h were hud fr«im the ei|nution.H 

[la] //.• X("‘-l X. I. 

may be derived in the manner giviSi in § 1 !H. 

It we write 




(I' 1.:!.- 


«). 


the linear Bolution of the eqtmti/niH \ l a\ is 


[^f>] 


„ . I 

> s . 1 .., 


V "* ** 

-W / 


ru,. ip I. 




where deiieteH tlie cerresjituniiitf' litMl iiiiiiur^. Nu\v J' is a 
de.fiuiU'. (luantily which lies wilhin cciiiiin liiitlc liiiiil'. : tlicsunic 

is also true of — • is futunt in a Mindar manner, Henee 

/i 


the quantities 




are linite (nmutitii’s whtrli he lict wm-n ilcliitilc 


limits; and, therefure, if the i/'k iH-cuiitc iiuiclinitcly siiiall. the 
;«’8 will also become indtdinitcly siiiuH ; that in, (h,mc systems of 
values of the a;s which satisfy the einiatimiH [ l| itiuler the named 
conditions are, as luu* also laum shown in ^ !!!•. su fni ined that 
they become indefinitely stnull with tlie y's. 


•B(1 « iiImi llRdaniHKl, "Hur liw trniwfuriiiiinimi. JmlirtiU'lli-n," Hull ,tr tu SnriHi 
Math., Vi.l. XXXIV, llKW. 
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(\ = 1, 2,...,n), 


We may now show that the x’s are continuous functions of 
the ys. 

Let & 2 J • • •, 6^) be a definite system of values of the ^’s, 
and let the system • • •, of the ic's correspond to this 

system of the y's. 

If we then write 

[13] j3/x=&x + ’7x| 

[*\= <^K+ lx J 
the system of equations [1 a] or [1] goes into 

’?x+ &A = i>’x(ai+ % a^+ ^ 2 , • • |„) (X = L 2, . . %), 

[1 &] ’?x= -^x(ai+ li, *2+ I 2 , • • •, «„+ !„)- E;v(ai, ^ 2 , • • •, a„) 

(X = l, 

Developing this expression according to powers of the |’s, we have 

[Ic] ^x=X^^U.. (X = l, 2,...,2 i), 

M = 1 

where the c-l. are functions of the a’s and fs. If the f’s are 
indefinitely small, we may limit the (7^^ to the first derivatives 
of 1^\. In this case we denote the coefficients of [1 c] by so that 


C,, = ~^fOT {X, 


: a^y = S, . • •, 0?,, = a,,) 


(X = 1, 2, . . ^ ; /i = 1, 2, . . n)y 

and the determinant of the equations [Ic] goes into 


dx„ 


for {x^ — ap ^^2 = 0^2’ ' ‘ ~ ^n) 

(X = 1, 2, . . ; /X = 1, 2, • . *, n). 


If the x’s lie within definite limits, this determinant remains 
always above a definite limit. We may therefore say that the 
determinant has a value different from zero. Consequently the 
condition that the equations [Ic] may be solved is satisfied, and 
it is seen that indefinitely small values of the must correspond 
to indefinitely small values of the 7)’s. 

This means nothing more than that the functions x are con- 
tinuous functions of the y’s. 
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125. The above investigations are true under the iissuiuption 
that the functions are continuous, that their lirst derivatives 
exist and likewise are continuous within c‘,ertnin liinits. We need 
know absolutely nothing about the second derivatives. 

Of the .'«’s, of whhih it is already known that tliey I'xist as 
functions of the y’s and vary in a e.(»ntinuouH manner with them, 
it may now likewise he pi'oved that they, (‘.onsiden'd ns functions 
of the y’s, have derivatives whie.h are eontinuous functions of 
the y’a. 

The pi’oof in question may be derived from the. following con- 
siderations: If from [Ic] we express the f’s in t(>rms of tlu>. 7/’s, 
we have 

The are coutinuouH functionn of the f’.M, untl t-Iu^ an*. 
A A 

continuous functions of the r;’s. Hence ^ may 1 h‘ n‘|)n‘S(‘nU‘il 

as continuous functions of the t/’s. 

If the becionio indefinitely small, tium tht‘ f’s lu^conu^ 

indefinitely small, and we have definiti^ liinils for 

A 

In general, if we have a function /(.Cp . . of the a variables 
x'p • - •, .a,,, and if we consider the dillertmce 

it is seen that it may he, writUm in tht^ fon'u 

A- I 

where the depend upon the f’a and become indefinitely small 
with these quantities, and the are, in virtue*, of the definition 
of the differential quotient, the partial differential (luotiants of / 
with respect to for the system of values (a|, «.j, • • rr,,). From 

the above it results not only that the are (‘ontinuouH func*- 
tions of the y's but also that the derivatives of tlie first order 
of these functions exist. 


HPl^XUAL OASES 


We have, indecal, the derivatives of the lirst order if in the 

expressions write the fs c({ual to zero. 

^ A 

Tlw, ({uuntitic\s liowever, hec.ome them, in aceordance with 

[l6'], th(‘. (fuantitu's which we should have in \ \r\ if we had at 
first writUai inst(‘ad of 

Put ihe^ ({uantities are <‘ontinuous funetions of etp 

We may tlH'refore say that tli(‘ diflenaitial (iuotients arc con- 
tinuous funciions of th(‘ variables ./*, and it is then |)roved that 
the an*, sueh fuiu’tion.s of the //’s as tlu‘. //s are of the .a’s. 

126. Ft»r tlu* etmiplt‘U‘ st>lution of the se(U)nd part of the 
theonun in § 1 Hi wt^ have yet to show that the expressions [l]h] 
may 1 h^ redueinl to (lu* form 

K(H* this purpose* we must hrinjjf the cjuantities * in [3?;] 
(§ 124) to tin* form t 

' /n 4» Y 


where is tln^ value (4’ ’ ^1* wlum all the .Fs are equal to zero. 

Ya^ is a fum’tion of llu* .eV, hut the .Fs an* funetions of the y’s, so 
tluit is a fumHitai (»f tlu* //s vvhieh vanishes when they vanish. 

We may then^fon* in riadity write [l\h\ in the form [3a] 

1 " I X' *4 -'/m (m 1 . ‘i, ■ • • . «). 

A t 

127. There may arist* eus(*s in whi(‘h vvi* kiunv nothing further 
of the fum’tiouH us was assumed in § I Hi, than that they an* 
real csmtiiuious funetions. 

We c’iinutii then isinelude, for exumpU% that the ans may be 
deveIcj|H*d in powers t»f tin* //s; hut we may reduce the e(|uati(mH 
to the ftirm 13u| ami sliow that the etjuatumH [la] are solvable, 

Tlie ilieorem whii'Ii Inis Ihs'u pnwetl is of great impurtaiua* 
when iipplied to speeiid even for (*leiiHmtary investigations. 

If, for example, tlie et|uation /(j\ //)■'- 6 is given, then it is 
tiiuglii in the tliflVrentiiil cadeulus how we eun find the derivative 
of ;i/ considered as a funelion *4 j\ 
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If we assume that the variables x and y art', limited to a special 
realm where the two derivatives with respect to .r and y do not 
vanish and therefore the curve /(.e, y)~0 has no sinpadur points, 
and if the equation is satisfied hy tiu! system y,,), we tuay 
write X = y ~ y,) + y. We. liavt', t.lu'ii J f , y,, -f i;) = o, 

and we may prove, with the aid of the theonuu in § 1 IX that 7; is 
a continuous function of t •'■■'d has a first derivative. Niit lie.foro 
this has been done have we. a rigid to dill'enmtiaU^ and jiroeeed 
according to the ordinary rules of the dilferential ealeulus. 

MISCELLANEOUS PROBLEMS 

1. Show that the jirobhan of (l(‘t(‘naiii’nig iht' extrenien of th<‘ function 

f(x, y) may be r(‘(lu(U‘d to tlu' detd^rmitiation of tin* and lower UiniiH 

of this function und(‘r tlu^ condition that 4* /r /'*• (‘^tol/., U'/V/nr Her,, 
Vol. C, p. 1107.) 

2. Find the nhortcHt diHtauc(‘ from tin* point //p :^) tin' plan(‘ 

Ax + By + Cz 4- I> ^ 0. i 4“ ( + /) 

An^irer. * i 

s/A'^ 4“ 

3. Find tho points on a givtm s|)h<*ro wlfu’h are tin' farthest* from and 
nearest to a given plane whi(4i does not inb'rsert tin' sphere. (Fappus.) 

4. Find tho triangle of maximum art'a whose vertiees I'p and 
describe rc'-spectively throe givc'u plane curvu's (\, and When tin* 
three curves reduct* t.o the samt^ eHipse, show that there are an infinity of 
trianglt'.H of maximum area (a east' of impropt'r maximum). 

6. Find the elli)m(^ of least area that may bt* tlrawu through tin* thns* 
vertices of a triangle. 

6. Find the ellipsoid of h'ast volume whitdt may be drawn through tin* 
four vertices of a fc<*fcraln*<lron. 

7 . In a triangle of greatt'sf. or h'ast art'a circumserilHul about a tmrvt*, 
the points of contact are tho nild-|Hdnt.s of tin* sith's, 

8. Among tln^ triangles whost^ vt'rtices art' situated respetdively upon 
three given straight lines in space, which is tin' ttin* whost* |jerimet4'r givt's 
a maximum or minimum V Also deU^rmiue the triangle of maximum or 
minimum area. 

Answer. Txi the first case tho bisoctrict's of the triangli' are respt'ciivt'ly 
normal to the straight linos dosc^ribed by tlu' vf»rtit*t*H; in tin* w'cond c’asi^ 
the altitudes of tho trianglo aro por|>ondicultir to these lint's, 
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9. fiK-n a lixcil Hurfuc.' fhul u puiiit, J‘ maih that the sum of the squares 
„f iis .listum-.’s from » fixed i.ohits .1,, .-I,, is a iiiaxiimnii or a 

luiuinniiii, 

. 1 )Kstnr. If t hi' I anient |>hui(* ai P i.s Uihni hh a://-plane and the normal 
U) thin ]>liuu* at /'as Ihc axis, ih(‘ (‘enter of im am distances ilf, say, of the 
points A He 01*011 (h<‘ It follows that the points are the feet of 

th«‘ nornnils whieh may he drawn to tin* surfaei* from M. 

10. Show that I he s(*ini*ax(*H of a e(‘iitrul H(‘(‘tion of a (piadrii^ 

Jjr*‘ I .1,/r I .I,:’-* 12/;,//: 4- 2 /^r + 2 /^,,r// + 1 = 0 

art* the roots n of the (‘tpudion 


;l I Ip-. />V /t., / 

/*;p I I ’ 

]lL. /Ip l + n 

/, ///, n, 0 


when* the s<*etion is madt* hy tin* plain* 


i.v 4“ m 4“ » v - th 


1 1, Show that the a\<‘H of tin* tpiudrii* of tin* pns’ediut!^ example are 
tin* roots of the foUovviu^ etihie in /•-: 


I 1 .Ip’^ 

n,/\ 


ii/i 

1 4 A,/K 

/Ip*^ 


iLr- 

n\r^ 


12. ^ I e “»■ // is to 1 m* a muxinnun, where //* — lujx 4- = 0 and e — a? = ?/. 

(Hinhle, ItioH, See Ih‘Meart«*M, (ttmn.y \h)l. I, pp. r>07"*r>10.) 

13. Hit' fntulttmt nta! (ht,*rnu 0 / ttltfrhi'tu Let /(f) In* an integral function 
of t with eoustiuit eoel!h'i<*nts. \l’ri((* / - .r 4“ //A ho that 

( I ) fin /'{ *'t .V) -f //) /* + 1(1 


with the ideiiiieal relations 


m 


fp 

iu 


HI 


and 


il* 


HI 


Form the expreHHinn fA(r, //) 


/^ -4 (/4 Within the circle of radius 


\ 4 / 


tin* 


innvi'um fi is everywhere eontinuous, ho that (§8) the 
fuueti(»n munt reaeh its loW(‘r limit for values of x and ?/ within or 
on the houndarv id the eireh*. By taking r Huflicmntly large it is seen 
that the lower limit of /x must hi* rt‘aehed within the circle, so that there* 
miwt hr a iiiininnim viiltie of ja. Show that this ininimuin, value is isero, 
and eonsec|uetit!y that there miwt ht* some vHhu*of t which makeH/(^) = 0, 
provided thiit ./’to is net a eoiwtaut. In particular the semi-definite case 
inUfit he (Mmsldeisnl. 
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CERTAIN FUNDAMENTAL CONCEPTIONS IN THE THEORY 
OF ANALYTIC FUNCTIONS 

T. ANTALYTK! DKIMONDENCE: ALOKHUAiC KHl’EN'DEXCK 

128 . Lf ill the development of tlu*. (•t)n(u*ptiou of tlu‘. uualytie, 
functions we start with the simplest fimetionH which may 1 h‘, 
expressed through arithmetical ojjeratiuns, wt‘ emiu* first to tlu^. 
rational^ functwm of one or more ntri((hleH. The eon(u‘pti()n of 
these rational functions ma.y ho, easily e.KtentU‘d hy suhstituting in 
their places one-vahsd functions, and first of all ilmst* whi(‘h may 
be expressed through arithnu^tieal operations, vi/., suam of an 
infinite number of terms of whie.h (‘a(‘h is a rational fumdion, or 
products of an infinite number of siu’h fumdions. 

Such a transcendental function is, for examphs 

V (x) = Qr) -|- (./• ) 4- • • • 4* ( »^* } + k\ i:*' )+•*•, 

where [i = 1, 2, • • • J are rational fumdions of .r. The 

necessity at once arises of developing tln^ eonditiiais of con- 
vergence of infinite series and pnalucts, sinet^ sut'h an iiriihmtdieal 
expression represents a definite function only for vahu‘H of the 
variable for whicli it eonvergea Mere etaivergema*, howt‘ver, is 
not sufficient if we wish to retain for tlie funetitaas just mentioned 
the properties which belong to the rational and tin* (U’diimry 
transcendental functions. All such funetioiiH Imvi* derivatives, 
and we shall restrict ourBelves om^e for all funetions whit'h 
have derivatives. 

Furthermore, the derived series of the above t^xpressions (d one 
variable must converge uniformly {gkiohmikBuj) in ilm neiglibor- 
hood of each definite value, and every term of the derived aeries 

Baa Hancock, FAllpUc Funethum, Vul. I, pp, tlM 
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miusi Ih^ (•(jut iiiuous in i\w. sunu‘ luughborhood. {Osgood, Lehrhuch 
der Fu ti(iionen(he(rrii\ p. 8d.) 

129. WluMi wi* Hay that a H(‘ri(‘H whoHc l.(‘,nuH ar(‘. fun(‘.tioDa of 
oiH^ variable*, nunrnff's it h i/ormJj/, wo moan tlio following:^ It is 
asaunuHl (hat tin* s<‘ri(\s in tjiu'slion has a. doliuiie^. value for = 

Wt‘. oouHidor all \ahu‘s of .o for which x doos not exceed a 
delinite (|uan(i(y d This determines a, lixeal region for x, within 
which wt‘ nhall suppose (hat (la* sovios is (‘onvergent. Tills region 
is kianvn as (he rtijioii of nmnnjf'iu'v {(Utiuu'njenzhczirk), We 
may, for hrevity. put 

ti}. ( ) tor I j f j + • • • 

in ilu*. Hcrii\H nhove. In onltu* tlpit this series (sinviage unitonnly, 
it must he p{»ssihlc afttu* wo hurt* assuau‘d an arbitrarily small 
positivi' (|uantity 8, and wlam a nmminder h\.(x) has been sepa- 
raietl fnau tlie series, to tind a positivi* integer m so that 

I h\ ( X ) i ‘ 8, where /,• • 

for all vahu’s of j- within the regi<»n o\' eonvcugem’c.t 

130. I h'lH’cetling in tins way Wi‘ may form mon* compluaited 
t»xpr(!ssinns; fm* example, we may let io(x) 1h‘ a mini of an infinite 
numhiU' o{ terms where eueh tmun is a transt’endental function 
like r(x} above, ho tliat 

' ) 1 h * * •• 

We may <aintinue by forming similar expressions out of the 
trauHetmdenlal funetioim irt .# ), etc. It is eh*ar that if wt^ proceed 
in this iimniier, there is no emt sueh expressions, ho that (*ven 
if we limit ourselves to taie-vulueii funetions, we do not obtain a 
clear insight into the |H»sHible kinds nml forms of mieh funetions. 

It in eHseidiut that all Hueh trauseemimital finudions liave a 
eominoti property, and we note I but if we take a value within 
the region of 1 * 01 ^* 1 * 1*1401100 in whieli the series representing these 

• \VeIi«Miriifi«. f'ttiir,'ir*l IIVirA'#, Vol II, lX12, amt Zar FufirthMOtMtrt\ § 1. 

t Hw lUril, 7*/ir*«r?r ihr FuBkihtftrti UI7 *»f thf^Oeniain tirmiKliitioii by laireth 

«ai! Si*he|>ri' 
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functions converge uniformly, they may be repreni'iited for all 
the values of x in the neighborhood of j;,, as series which 
proceed according to positive iatcgi-al powers of x — ; for 

example, in the form 

F{x) = F{x -x^+ .«„) = + (h + « 2 (.'■ - 

where a„, ctj, definite funetioiiH of ,e„. From this it 

follows that they may bo difl'erentiabid, and a ininiber of other 
properties are immediate (!ona(a|ueuces. 

131. We may next extend the conetiption of uniform <'onver- 
gence to functions of several varialilcs. With Weierstrass (loc. cit.) 
consider the inlinite aeries 

»» 

i (U/j, * * *> '^‘n) ’^2' * * ■ » n) 

V 0 

whose terms are functiouH of ai\ arbitrary mmibt^r of variabh^, 
quantities ^^^21 • ‘ fuiuiion ronrrrffrs ifn iJhrmJ;/ iu 

any part (R) of its region of (*.onvcrgon(‘e wlu*u with a pri‘,He.ribiul 
quantity 5 cliosou arbitrarily small tluu’o exists a pusitivii integer 
m such that the absolute value of 

M ». .• 00 

If i' 

for every value of k whidi is i::: and bir twery sysiton of 

values of .^2, • • whic.h belongs to (R). 

Let a^t, be a definiU^ system of values of Uu‘ vari- 

ables iCj, X2f • • •, within the region of uniftauu eonvc‘rg(mc*.e, and 
consider only the values of aq, • - <, for wlu<di .nj rr^, 

• • •, — do not exceed certain limits di, * * *, d,^, as in § 121L 

The function may then be represtmle.d through an (UHlinary 
series which proceeds according U> intc^gral |M)wt*rH of j'l -rti, 
0)3 — and conseciuently may be dillVrentiattHl; 
in short, it behaves, as Weierstrass * was atxmstomcHl to expre^sH it, 
like an integral rational function in the mdghborhood of a di‘linite 
position within the interior of the region of uniform eemvergemH^. 

♦In thia connection aee Weieratmaa, IVarA'e, Vcl, 11, pp. I*'i5 et .Hccf., %nd 
mann, Theorie der Analy. h'unkthnrn, pp. 421) ct sinp 
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132 . We may ne,xl iiiLroduee the couceptiou of analytic 

dependence. If we. ^e.p^c^sent a function which has been formed as 
indicated aliove by ^\x^, • • •, a;„), then F(u:i, x’a. • • •, ®«)=0 

expresHe..s a e.ertuin dependeiuio among tlic variables «!, .rj, • • 
that is, among tlu^ inlinite number <if systems of values for 
which the, function has a me.aning, those, only which satisfy this 
equation are to b(‘ lamside.n'.d. Tluuai exists, therefore, among 
A'l, a'a, • • -, a dependence. <d’ a similar eliaracter, as in the case 
of algt'hraie e(piations. If we choose the. <iunntities :Ci, • • •, 
such that till! (‘((ualions A'l d, f'o -0, 0 exist where 

m < n, we have, a depemlene.e among the (juantities x^, x^, • • 
delined in sueli a way that at all events we can choose arbitra- 
rily not nain^ than u /a of the varialtles, since the remaining 
•in variahh'.s an^ <let(‘.nuiiu'd. 

133 . The (‘onc.t^ptaon of lh(‘. liintiy-valued fimot/mis is at once 

SuppoH(% for oxauiplo, a fuiKiion of two variables x 
and 1 / is givtni ; tluni \v(‘. may consider all the syvstema of values 
(,i\ //) in which x has n prtw’HluMl vahm. For such a value of x 
tlu‘n‘. may i*xist si‘V(‘ral valu(*s of //. Wo are to regard y as a 
fumd-ion of .c, and this func.tioii is a many-vtihml function. By 
the intro<lu<‘tion of om‘ or morn auxiliary variables it is often 
possibh*! to express tlu^. many-valued fumdions''^ through one- 
vahuMl fumdions, and indevd in algohrah*. form. The development 
of analytit* fumdaons from an nritlunetical or algebraic standpoint 
stMmual (‘Specially <l(‘sirahh*. to WeierstrasH. He wrote (see Werlce, 
Vol 11 (Otd. d, ISTo), p. 2.1o): “The more I (‘onsider the under- 
lying primdph’H of tlu‘ th(‘ory of fun(‘tions — and 1 do this con- 
tinually stronger am I (umvinced that this theory must he 

built upon the hamdation of algtdiraic truths.” 

134. To illus(rat(‘ tla^ ivmarks of tlu^ jaweding article, con- 
Hid{‘r any unulyiic d(‘.pt*nd(‘nc(^ existing lKdAV(‘en, say, two variables 
j' and y and linut one of the variables x to a definite region. 
Tin*. othcu‘ vuriahh^ must Ik* expressed through rr and in a form 
that remains invariably tr\u^ for all values of x in question. Now, 
if to the one variable there (jorresponds a transcendental function, 

♦ Wt^ juiglit. for (vxiimplta tho Abelian tranneumdents. 
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it does not seem possible to express one variable, arithmetically 
in terms of the otlier. We may, however, inti-odiuaf a third aux- 
iliary variable and thereby express both of th(( original variables 
as one-valued functions of tlic third variabhi and in such a. way 
that, if we give to this variables all possibhi vahu's, we. have all 
systems of values of (x, y). 

The simplest example is ja*,rliaps the one give.n by the e([uatiou 
z — xv, where z and y are tw<i indepemhmt variabh's. It is not 
possible to expivss the dependencti ludwc'en x and y in an arith- 
metioal form; that is, one in which tran.seendentals d(» not appear. 

But if we introduce a third variabh^ /, and writt* x r‘, wa have 
1 () 0 ’ 2 

z = so that y = — • • 
t 

Tims X and y are cxpimscal us one-vaUual fumdioiiH of t, and 
such that for one value of x tlu^re is invariuhly oiu*. vaUu‘. of I 
and of y. roincar6^ proved that if x and // mv eonnetied by an 
algebraic equation, then all systeiUH of vahu‘H (.r, y) may b(‘, 
expressed in the form just indic-ated. He also sho\v(»(l that if 
any analytic dependence exists between x ami y. it is always 
possible to represent x and y as one-vahual funetious of a third 
variable. An example in point is the exprewsiou of the inii^grals 
of linear dilferential e([uatiouH through tin*. Fifrliniaji fanctwm. 
However, he did not show in this lathn’ (‘asc^. that <(ll the points 
of the region in (juestion were thus (‘xiax^sstal through L On 
the coirtrary it seems that there (‘xists an infiniU* number of 
isolated points which can h^ reacduMl only whtm t tends toward 
certain limits. 

For example, in the difrerential ecpiation of tin* hyp<*rg(^.omeiric‘, 
series, we should have to extdude in siudi a n^prescmtaiitm ilu* real 
values of from + 1 to +r^ , (H(h^ tlu‘ Faris TIh^his of Ooursul.) 

In this manner the study of many-vahuHl fiinetiouH may he 
reduced to the study of one-valued fum^iions. Ho\vevf‘r, it is not 

^Soe Bulletin (k la BoeUM ^natMmatiqm de V<tL XI CISSII). Btw aUa 

lectures H and III, delivered in the Camhridjifa CloUmiuiuin, by Urofesior OsgcxHl 
{Bulletin of the Amer, Math. Boelety, IBilS) ; and tha Prohkmm ftwihimatiqmn of 
Professor Hilbert In the Compten rendm of the Congrew of Matheiimticians, Paris, 
1900. In his treatment of Algebraif^ Functions of Two Variablea. ProfeaiMir Picard fas 
done valuable work in this connection. 
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a simple task, for if we wish in reality to make tliis representation 
even in the ca.se of a linear differential equation, we encounter 
many technical dinicailties. Nevertheless, it is essential to prove 
that exist su(‘,h represtintations. 

Wderstrass asserted (May, 1884) that he believed the follow- 
thtM)r(‘.m (‘.xist(‘.d in the tlieory of functions: It is always 
possihle, whrrr an, analytic (lepemdmce exists, to express this 
(Irpendencr in a onr-valimi form which reniains invariaily true. 

135. W(‘. may m^xt introdinte tlie following theorem, which is 
(‘-xt(‘nsiv(‘ly usiul, particularly in the (‘.alciilus of variation. s : 

Suppose tint I hr/wern. the variahles ap we have on, 

e(/n>atdons yiren, which nuty be orpreseoitcd in the fo'rni of poweo"- 
series, and let these he 

^'i, 1 Cl) + • • • + Xi = 0, 

1 ('^’l Cl) + - • • + (X'h ■+’X2 ~ 

<■„, , I (■'■! - .^ ,)+••• + n - «■„) +X„, = 0 {m<n), 

■irhnr Xi* Xy''""’ X„, ‘power-Heries of Xj— «!,•••, 
,r„ ■ hut. of Mch It niUuro that each term in them is of a higher 
iHmension tint it the first. 

Thr equations unll he satisfied for •••, ic„=a„. We 

propose the problem, of determining all systems of values 
■'ii. ' ■ ■>'„) V'hieh. lie in thr. •imghhorhoad of (%, a^, ■ ■ ■, afi 

and whieh satisfy the m equations above; that is, among the 
systems of ral ues for 'which |.f| — rti|, • • •, a, re smaller tha7i 

a fneetl Until p, defernt'ine those 'wh'icJt satisfy the 'in equations. 

Tlu* ([uanlity p in HubjecL to the condition only of being suffi- 
c-icntly Hinall. 'I'o Holve tluH problem we consider the system of 
linear equations to which the given equations reduce when we 

Through these linear equations m of the differences — a^, 
■e,„-a„^ may be expressed in terms of the n-m 
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remaining, if the detcnninants of the. with onicr wliioh may be 
formed out of the m rowa of tlui r'a are not all zero. 


If, say, 


<‘l, l. • ■ 

•» ^’l, w 

we have (§ 117 ) 

i 


* » ^ /«, m 

,/;j — 1 {x^fi , I 


,l)+-' 

■■ oi 

•^ 2 "” ^^' 2 ^ 4 , 1 {‘■'W \ i 

'U» 

ll) ( • 

■ • t 


* X'j- 


1 


(a;, 


lii } 1 


It) 




I X' 

^ ^ m 


By means of ihese (‘((uations may Jj //j. 

. . . , as power-HinnoH in the remaininji,: w tli!reivnft*s, 

the formal proccdun^ being as hdlows: 

We write x;- <>.•••. XI ^ (h and thtis ohtnin fnr 

• • expressions which rc^prescnt ttie fir.Ht approximations. 

These an* sul)stitute(i in x:----x: and in the resulting (‘x- 
pressions only terms of tln^ st'eiaid dintetiHion are <*otiHider(*d. 
These terms added to the tcu-ms (»f the tirst approximations r(*Hpe{'- 
tively constitute the second appnuximaiiotts. (hniimiing this 
process we may represent the nM[uirt‘<l i\xpressitms to any degrtn* 
of exactness desired. 

We obtain the sante resnlt.H if we expr<»HH m of the ^piantities 

— (t.p • ^ tlirough ptnver series in terms <d the 

remaining n — /m (puintities with indeterminate *'oeilieients. These 
(‘oetiicients may l)e determined withmit «li!!ieu!t\. 

As just sliown, these power-series are eonvi*rgent as .noon as 
the differeue^es X’^-a whieh <mter inti» them do n<it exeeed eiu- 
tain limits, and, furtlmrmore, tlame power-Heries satisfy tim giveti 
equations. 

136 . The problem of the prcH-eding artiidt^ may Im solved in 
the following more symmetrh' manner, in whicdi mmv of the vari 
ables is given preference over tlm others (m»e Iiigriing«% Th/vrk 
des Fofhctimin, Vol II, § HB). 
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IkisideH t.h(! (‘([UiitionH ^jivoii alxivo wc introduce others which 
are likewise exl)^^ss(‘.d in ixiwer-series: 

I/it <’m n, 1 1 + 

l (‘^'l ^' l) ^ 

where /p /.ji • * % m auxiliary variables. 

The (juantities r are arhilrarily (‘hosiui, in such a manner, 
lioW(*V(*r, that, the (h‘tt*rininunt 


d, n 


‘ » ^' 1 , III* 

in 1 li 

* - %n 

'■'i. 0 

• * 


///in 

* ’ » ^'2, It 

1* 


' » ^ m, m * 

^ //I, in 1 n 

**’ ^*in,ii 

1 1, 0 

^\t> ‘ t, ’ * 

* ’ ^'/n \ 1, III ^ 

^’;/» 1 U //M b * 

* *> ^d+1, 

h 

* II , «• * ' 

’ * ^ It, m* 

^’// , /// f I ♦ 

« » 0 
» ' //, n 


Pi •tH'eeding ns in § 117 we write the. ([uaniities equal to 
/.era, and we thus hav(‘ a .systiuu of //. linear eijuations through 
which wt» ran exjuvss the // diiTerencvs 
through ti, • • *Ju »/ * 

aV di 1 'V.'/j h . . . -f. “hXv 

(a 1 , 2, ♦ » n). 

With tin* help of ilie.se e«juation8 we cun express .rj ~ nf^, • • •, 
‘^'h ptaviT'Si'rieM in /p* • •» f,, 

To tlo this \\«* agsiin wrili* x: o>. and have only terms of 
the first ilimensii»n. We writt* tlie first approximations that have 
Ihhui thus ohtaiued in X nduining the terms of the 

.seeotul dinnuisiun derive the .stn‘ond approximations, etc. 

It fnlluwH directly from the ahuv<‘ that these power-aeries in t 
fonnaUii satisfy tlie given e(|uutitm; that they iKissess a certain 
(Hunnmn region ronv»*rgenec* it we give certain fixed limits to 
w reality satisfy the 

tapiaiions ; itiuh finally, that all the Hj/atemH of values (a’j, 1 ^ 2 , • • •, 
which lie in iln^ neigldHirhocHl of (^j, n.p • • •, «,i) and which 
satisfy tlie pro|MisiHl et|uniious are obtained in this waj. 
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137. Suppose that between two variables there exists an ana- 
lytic relation which is expressed in tlu“ torni 

F{x - y - //„) 0, 

where P denotes simply a iK)wer-series iuul where y,, i,s a 
definite pair of values of the. variables. 

In the neighborhood of there is an infiniti! number of 

systems of values which satisfy the (sumlion. 'I'be. collectivity of 
these pairs of values (.a, y) is ealleil an untilytir sfriir/iirc, or con- 
figuration {(kMld), in the realm {(tfhiii) of the i|UHntitics (.c, _y). 

We may next make an application of the (heorem of the pre- 
ceding article. It follows that, if ladwtsm it (pmntities ,r,, 

• ■ !C,j there exist m eiiuations in the form of power-series, 
then the diti'erenees .ri~ai, •••, a, „ may be e.xpressed 

through power-series of the ?t — m re.maining variable.s. Weicr- 
strass said: “ Through the in eijuations a structure of the (a wi)th 
kind in the realm of the. a. (luantities .... in defined.” 

As in the ease of two variables, w(^ may proceed in a similar 
manner with several varinl»le.s, among which an analytic deiK'iid- 
enee exists. Let this connection be of such a nature that ni (<n) 
of the variables are in general determined through the remaining 
11 — m. If, then, («i, « 2 , • • •, a„) repre.sents a definite sy.stem of 
values of the variables, there (‘xist m e(|uations of the form 

/’(.a, — «„ ./'j . . . , a„) () 

which are to bo satisfied for .»■, — a,, .c^ ; .... .r,, In the 

neighborhood of the position («„ a.j, • • a„) then^ are, tlum. an 
infinite number of other systems of valm-s (.<•,, .v .^, .... ,cj which 
satisfy the same in oiiuations. Tlu'se d(*fine an itiuili/tic Htrut'tnrc* 
in the realm of the tjniinlitifH .c^. . . .c,,, 

A fundamental theorem in the. theory <4' functi<uis of the 
complex variable is that tluw. Htru<!tureH may la* ennt in tied ovm' 
their boundaries. The. powor-iiorieH above constitutes an element 
of a complete structure (§ 97). 


• Weieratraa^ Werke., Vol. 11 , p. a'KJ. It may bw miiarkml dmt 1 m bis 

ffeowtrie rfer Zahlm advancea similar liUias at conBldrmWi' IriiKtli, Her In piirticn- 
lar § Ifl of his work Jast montionad. 
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138. Analytical Htriuitures, as above defined, may be represented 
in a dif’fereut luanncr. If the equation connecting ,x and y begins 
with t(‘rni8 of the first dimension, we may, on the one hand, either 
express // -//„ tlirougli or through Piy — yo); 

or, on tlui other hand, if the coefficient of either x — Xq or 
1 / j/o (‘([ual to z(vro, it is possible to exju’ess only y — y^ 
or only x -- as intt‘gral ])owcr-Heries of or y — In 

()rd(‘.r that this distimiiou may not be necessary, we introduce 
a, function I whidi begins with terms of the th\st dimension in 
— // — //<) (s(U‘. § VM)); we may then always express the two 
([uantitic^s .r, // as pow(‘.r-s(n‘ies of L Through the introduction of 
such a. (pauitily t it is nuule ])ossibIe to include within certain 
limits all th(‘, sysUuus of values 0^^ — y — ^o) which satisfy 
this (U(uation. 'rht‘st‘ values must y/r.s*% satisfy the given equa- 
tion, and H('r(ui(llt/ tluy nuist ai'ford all the systems of values 
which satisfy it within tlu^se limits. 

Th(‘sc‘ eonsidt^rations may 1 h‘. extended at once to equations in 
sevm-al va,riahlt‘,s. If wi‘, have a certain number of equations in 
,t\ * rfj, .Co ' if these equations 

to U*rms of Uu‘ first dimension, we have linear homogeneous 
(‘((uations of the*, first dinumsion, the number of which we assume 
to b(‘. ‘iH> ( -C ti). 

If we cain i‘xpvc*ss m of the quantities Xi — X 2 -’ (^ 2 , • • •, 
x„ - through tlu^ nmiaining n — vi, it is always possible so to 
(Icu’ivt^. th ])owcr-sent‘.s of a — m (quantities tx^ 
they, HubstituUMl for a’j, .nj., * • *, firstly satisfy the given equa- 
tions, and secondly, if we. give to /j, /a, • • all possible 

values, they ollcn* all th(‘. systenus of values (xx, a' 2 , • • •, x^t) which 
satisfy those c‘(|ualions, when ('-ertain limits are fixed for the abso- 
lutes vnlu(‘s of Xi ' i(i, X 2 — ■ * *T secondly, that 

with iudesfinitedy small valiuss of the if’s they afford all the systems 
of values of thes (|uantitie8 which lie indefinitely 

near the position {iii, 1 ( 2 ^ • • a^i)(see again § 136). 

Take 71 power-acsricss % (t), <3^2(0^ • * ^n(0 write Xx = ^i(t), 

' * •» ^11 = through these equations a struc- 

ture of the first Mud (Stufe) in the realm of the n quantities x 
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is defined; in a similar manner a x/nir/mr of thr .sfrond Hnd is 
defined through the equations 

■h = '2). •'2 '2)- • • ■'« ‘'h. (/,. (,). eto. 

In general, if we take n power-siaies in and 

write tliese e([ual to tin* enll(M-t ivitv of Hu* 

teius of value.H (.H» oUered through (h(*st‘ <'(|iiatiunH 
constitute a Mrurfii/r of thr {n - hiiut! in (hr rralm af 

* * "» 'Of* 

We shall in the S(“(|U(d limit the <lisi'ii 8 Mi(in of tlie general 
analytic dopeiultuiee to the eases wlien* this dependence is 
expressed through ulgebruie. etiimliuns and to the. .structures 
which result from sueli eipmtion.s, vi/., t!ic itli/i/im ir struct lira. 


II. AIAiEHRAIC STKKt'Tt'UK.s IN TM'O VAUIAHLH.S 

139. Let AV. .'/) •«' hdegnd algchraic |■llneliou of jnul y 
which doe.s not contain nqHaited factors, .so tlial F{.i\ t/) hu.s no 

common factor with cither or • Further .suiiiio.se that 

c'.r t !/ ‘ ' 

F{x, y) is not divisihlo hy any integral fum1,iou in which apiusars 
only one of the variahh's ,r or //. 'I’lie system of values .r, y which 
satisfy tins e(piation F(.r, //) 0 form the ulychniir slructiiir that 

is defined through this e(|Uution. 

If ;(/y is a pair of values such that /•'(■'„. .v„) 0. we may 

develop the e<|uatiun F(.r„, y,,) in ]K.werM of .<• ami y y,, in 
the form (c.f. SLol/,, loc. cit., p. ITT) 

[ I J <1 (f , y) = (/ F{.r„, y„) f ^ >FF{.i\„ y„) ) . . . 

kJ. y„) I • ■ • (), 

where for brtwity we put .r - ./• , f . y y„ ■ and wimre iF /-•(.<•„. y„) 
is the homogeneous function of the «th degree in y, viz., 


[ 2 ] 


.V») = 


«\ F'F 

r) r 

’'v/r 
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11* , and -- do not both vanish, the position (or point) is 

said to be m/iilar or simple. But if they both, vanish for x =: Xq, 
y =s y^), and if for th(‘, same position all the partial derivatives of 
{\u\ 2d, ‘k 1, • • - , (/• ■' l)st oi'der of F{,e, y) with respect to x and y 
va,nish, whilt^. t..hos(‘. of tlu‘. /rth order are not all zero, the position 
y^j is (‘,alU‘.d a sinyuhtr position, and, specifically, a /r-ple 
singularity. In su(*.h a (‘.ase the left-hand aide of equation [1] 
bc^gius witli t(U'ms of the /rth order with respect to ^ and rj. 

In tlu‘. following treatment not only the integer k plays an im- 
portant rdh^ l)Ut also tlu^. smallest exi)onent of the terms that are 
frt‘(‘. from as also tlu^ smallest exi)onent of the terms that are free 
from on the hd’t-hand sid(‘. of [1]. If we denote the first by p 
and the stutond by (p tlu^ ecimition [1] may he written in the form 

IH] //(.+ ■'/) 

+ v"{h + ’?)= 0. 

Ib‘r(\/’(f) d(‘noU‘s an integral function of ^ and g{rj) an integral 
function of y ; o and h are (constants different from zero, viz,, 

’''qldyf 


140. Developments of the algebraic function y in the neighbor- 
hood of a regular position. 1 1 may bo shown * that if on the position 

dF 

(Uid h 1 


// - ’ ll{\ expression does not vanish ^so that, say, q =1 
' iiF\ •' 


positive 




there is one and only one convergent emeries in integral 


powers of ^ which vanishes 'with ^ and which sicbstituted 
for y in [ 1 ) identieally satisfies [1]. 

Wt^ may stippose that this series begins with so that 


Hi 




Wti liavo also to consider in the sequel fractional positive 

1 

powers of .r - ;r„ = | ; that is, jwwers, say, where =9^ 1. A series 

• Hi'«» I, ji. 2HS; or (iouwat, dmru 1)' Anttlys)‘,\o\. I, chap. iii. 
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of this kind is convergent if there is a positive (|uautity R such 

t . 

that the series for all values of |f^j< R is e.ouvergtuit, and that 
is for all values of |^| < R^'. 

If the series is convergent for one of tlu‘ ^ valiass of the. /xth 

root of it is evidently convergiait for all tlu^ (K.lu*r /i 1 values 

of Accordingly, to each of Uu‘. values of f whosi* ahsolutt^ value 

is smaller than there (‘.orrespond fx dideivnt valines of the scu'ies. 

If, for example, we denote a dtdinite ont‘ of tlu* valut‘s of for 

1 

example, the principal one, by f th(‘. oth(‘rs art‘ {‘xpi*ess(*d through 

the product where y is any of Uu‘. /xth naas of unity. 

Hence a series 

n f)0 

[ 5 ] 

n « X 

may, corresponding to the diflerent viiluos ofy, u])]K>ur in tho (jl — 1 
other forms 

n - A 

The theorem stated at tho bt'giiming of thin nrtich* may bo 
generalized: If on the j)<)aiti(in .r ; .I’l,, »/ ■ //„ thi* oxiirosHion 

r'// 

does not vanish, there is oiw. and oiilt/ oiif (‘oiu’t'rgotit powor-sorios 
in positive integral or frttctwnitl powers of f which vaninhoH with 
f and which written for i) in tho (upiation 1 1 j i<lentioally HatislioH 
it, viz., the series [4], For if hosides the serioH (4| u sorit's [o] 
with (i>l satisfied [1], then tlio o<iuntion 

[®] Vn + v) -• d. where t - f". 

would be satisfied by two series whiidi have no constant term and 
in which r) is expressed in integral iKiwers of f. 'I'his, by the pn-vi- 
ous theorem, is impossible, Injcauso in [(i| tlie term in »/ nailly 

appears, and in fact multiplied by the ecKdlknent 

141. Suppose next that = 0, hut that -i- O.’sli that v I 

Sy,, 

and ^ >1. Then from what we have just seen it follows tliat the 
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equation [3j may be Holved tlirough only convergent series in 
which f is expressed in powers of 7 / in the form 

f 7 1 I - if I 4 . d^yf + •'f + . . . = () say, 

wh(‘U‘ </ *' 1 end i!^ /• 0 * in otlun' words, there exists a positive 
(juantity S such that il* \i}\<S, we have tlie identity 

|H| 

Write f in tln^ form 



V''j 1 ^ ■ 

tf 1 h 

1 ' 

■ ■ say, 

and noU‘. that 



iv,(v)|7 

'"1^“ y + • • ■)'' 1 ■ 

... jys terms of higher order. 

li(/ 

if tlum \v(*. 

put 

1!>I 


ad. , , 


by n‘Vt‘rting this s(‘ri(‘s wt‘, hav(‘. 

( i 0 1 If - / + 1 1 4. . . . r=r /*(^), say, 

Ih/ 

and from this it is siunii that a ])ositive ([uantity K may be so 
(hdiu-mined that for all values of t such that |/5|</f the above 
powi‘r™H(u*i(^s in f (M)nvtu’gt‘s. This power-series when written for 77 
in tla* (U|uation |9| idtmticully satisfies it. 

lb furtluu’, w(‘ rais(». the. (sjuation [9] to tlie r/th power and 

multiply it bv , w(^. luiv(‘ 

(f 

t'/ ^ ^ y'/ (X (y) - y'l + (Ly'i + * H Q(y) above : 

(( a a 

and this ecpintion will be an identical one if for 7 ) we write the 
power-sf^ries P(f,), The same is true of equation [ 8 ]; that is, we 
have the identity / v v 


for all values t for which the series P(t) is convergent. 
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If we denote the radiua of convorgeuce of the aorioa r{t) by R 
and put f - f, where t ia any one of the y-vuluea of the yth 

(X* 

root of — f we have the following theorem : 

0 




R'f, HO that the Herirs 



exint^j denotiiiff anif of the t/lh motn of iniiti/, thru this ('.rpresHioa 
written for r; cauHVH the fa net ion to tatnish idcntivaUp, 


Fiu’iliermore, there \h only oiu^ H\u*h coiivto’ijjioit sto’ie.s in inte- 
gnil or fractional ))OHitivt‘ powern of without conMtunt ti‘rm, 
which when aulKstituted for in iMpiation [ I | eaustss that equation 
to vaninh i(lenti(‘.ally. 

For if there were another auch Herie.s in intt‘^n’al positivt*. powera 
1 

of say, 

[ 12 ] + /O). 

i 

then in the manner given aliove wt^ (umltl i*xpn*sH and conne- 

i 

(piently also through a power stuaixs in i;a whitdi id(mti<*ally Hatistied 
[1]; but besides the series [7] there t^xists m> Hm‘h series, and eonm*- 
(piently there is no sueh series as ( I2j which is diflVrent from | 1 1 1. 


ni. METHOD OF FINDINtJ ALL SKUIHS FOR // WlIHil 
BELON(i TO A Jc VIS HINTiFLAR ROSPIROX ♦ 

142 . In ecpiation [ 1 ] let / 4 ,), //.p, * . (F 

be zero, so that this ecpiation betuuneH 

[ 13 ] Oil = ,,,)+ . . . 

where N is the dimension of F{x, y) with rt'a 5 a^<'t to x and y. 

♦Besides vStolz, p. 1H2, s«w almi pHlseux, Jonrn. iln Math.. Isl H«rl.<s. V.d, XV, 

p. si65j Picard, Truiti ate:., Vol. I, p. ICcrinittCii prcfarc in et <a»ur»iit, 

/^ofictlotui AlgihrlqiiFu etc;.; KdnifjHbi'rjccr, HUiptineht* Fiuu'tkinfn^ Vid. I, p. IH7 
et K(M|. ; otc. 
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There is, ci)nBe(iueiitly, a /c-ple singularity at and we shall 
next show that we may derive all those convergent series without 
constant t(3rin which proceed in integral or fractional powers of ^ 
and which when substituted for rj in [13] identically satisfy it, if 
w(j ca.n deriv(3 (‘.orreH])onding series for any simple, double, up to 
(/»! ~ l)"plc. position of any algebraic structure. In other words, the 
problem of (l(‘riving these series for a, Z';-ple singularity is made to 
de})end upon the derivation of such scries for a position that is 
less than /‘’-pie. 

If for t; in the homogeneous function^ of the ^th dimension 

V) 

(it being Huppos(ul not identi(‘.ally zero) we write the series [12] 
and arrangu^ in ascending powers of then if A = g, this expres- 
sion begins at least with and exactly with this term if <1>„,(1, c^) 
tloes not vanish. If \ P this expression begins with ^ only 
when tliis Uuan in n^.ality appears in v) ; otherwise with 

a tt‘.rm of higluu’ or lower order than p according as A > g 
or X < fjt>. 

If in we m‘xt dee.ompose the lowest dilferential 

'•'‘■/''(•''o. ■>/()) == v) 

into it.H ri>al or coiuplcix linoar factors, wc have 

(141 <!>;.(? . V) n Ki? - 

/• I 

where /•, + ■ f- ■ k iind whore one of the two coefficients 

(t,., jS,. may las zero. 

AH.suminK first that X = /a, if iu the above expression we write 

»? = «A? + • • •. 

we see at once that for at least one value of r we must have 

* Th« rai'thotl ({Ivan by Wcl«r«tmsH, WerTce, Vol. IV, pp. 19 et seq., is essentially 

tint HiuitH' a.H that foinid h(‘r(*; him* jUho Htolz, fit. 
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For if this were not the case, then G(^, + • • •) would begin 

with I* instead of vanishing identically. 

If, next, X>/*, one of the quantities yS.^, . . 0^ niast l)e 

zero; and if \<At, then one of the quantiti(‘s ■■■, a, must 

A 

vanish. For if they were all differeuit from w‘n), tlu‘n ^ + • • .) 

kk 

begins with fe . 

If a series of the form [12], when’. X ; /x, satislies tin* (■(|uation 

[12], we shall have, if in [12] we wrile ?/ {r^ f a I'dation 

1 a 

between j?i and viz., Vi == 'a i i •■f'' 1 • 

The expression ('{i, {(\ + Vi)^) <'ontains the fuetor p, whie.h 
may be neglected, so that r;, satislies t!ie taiuation 

'''1 (f. Vi) - 0. 

If in the series [12] (when X . -/x) we write r/ "c liml that 

the equation . 

is satisfied Ijy the series 

A M 

If a series for r) where X</a satisfies | I.'f). we revert the proeess 
and make the substitution f 

143 . In giving the practical method of determining tluf series 
for t) which satisfies [12] we must make a .listim-tion Isivveen 
two cases; Ihe function »;) rithn' ma.v contain dill'ercnl 

linear factors to their resptsctive powers or it is the /'th powau- of 
one single such factor. 

First case. Among the quantities nj. .... n, tln-nt must l.e 
at least one which is not zero. For tau'h rq winch dts-s not vanish 

we put = and make in [12] the substitution 

[ 16 ] 7 ^ =( 6 ^^^+ 

We may then write 
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where O', i.s an integral function in ^ and r)^ which vanishes for 
f = 0 and ?/,= 0. If, for example, i = l, we have 

[Kij 0'(|, + 

7’.'r?2 

4- ... 4. <l>jv(l, c(i>4- Vi)- 

Kroiu iluH it iw evident that the position ^=0, ^i=0 in the 
structun^ (i(^, t/j) Is at most a /-i-ple singularity and conse- 
([vunitly 1(\HH tha.n a /-pie, so that the problem may be regarded 
as Holvcul, siiHH^ by hypothesis, when /i\<k we have supposed that 
wo may de.rivt'. all power-series which satisfy (■r{^, r}^)— 0. For 77 , 
through th(^ formula v — + Vi) we have series arranged in 

inU^gral or fraoXional positive ])owers of ^ which substituted in 
<-aust‘, this oxpn^ssion to vanish identically. Besides these 
soi’ioH thort‘ an*, no other such series for rj which begin with the 
term 

If in [ If)] we l(*.t r take all the values where 0, we have 
in this way all those series for where which satisfy the 

ocpiatiou (i(^, r;)=i 0. Among the quantities erg, • « there 
may bo om*., for example oc^ which is zero. If we consider r) and ^ 
intorohangtHl and tlien make in [13] the substitution ^ — we 
may derive all scuios which proceed according to integral or frac- 
tional positivt^ powers of 7 ^ with constant term zero and which 
wlum writtem for ^ in tlie equation G{^, ?;)= 0. identically satisfy 

ft 

it, and whose initial term is d^r)^, where //.>X. 

By reverting each of these series we may express t] as series 
in terms of f which satisfy [18], where \<n. 

Further, we have all such series. For if [13] was solved by 

writing for t) a series [12], then we also satisfy [13] by writing 

1 

for f a aeries in integral positive powers of whose initial term 

contains 7 ^^, where ^ is an improper fraction. 
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Second CUM. Let miiiwHo. jiM that 

a^Q. We make in [1.1] the Hubstitutiuu 


7/ = 



{^) 


aud have, after (liviaion hy the new e((uati()ii 


[17] 


(ftr/,)* 

/:! ' (/.• f 1)! 




H 


It for this 6(|uati{)u Uu‘. pcisition | h‘ss than 

a A:-ple singularity the jaohleiu is hy hyiHithf.sis solved, or if it 
remains a /i:-plo singularity and if the pnlynoniiul td’ tlie Un’ins of 
the A;th order in ^ and 7}^ may be dtaHunpostsl into difrrtnf linear 
factors, we may proceed tis in tin* first ease. It nmy happen, how- 
ever, that the position t/j » is u /»-ple singularity \v!u»se 

terms again form the Aih jH>wt*r of a linear exprt»sHiiai in f and 

7]^ which must necessarily ho 

If, further, we write in [ I7| instead (d‘ i/j> where is detined 
by the equation 

(u, 


the expression will he divisible hy P* so that we may write 

(f’ + »/.jj f 

where t;^) = ^ 

7^2 (f. ^i) l>«ing im integral fuin'-tinn nf | utni i/., 

Noting {i) ami (n) it is setm that if there in h.r »; a sericH 
(»f the form 

[18] 7/ = ^ f 4- ^. 1 4 - M I ..._ 

then for J = 0 the (i«antity i/j inlrtshmeil nhove must he ziTe. 
and 7;.^ must belong to those series that vanish with f ami whieh 
are obtained from the equation ^(f, ^5) .= 0. 
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This (‘(illation may bo solved as above for rj^ if the position 
J = 0 , » - 0 for the structure ^ 2 )“ ^ is less than a ^-ple 

singularity or if it is a /r-ple singularity in which the terms of 
the Aih or(l(‘.r do not couvstitiite the Mi power of a linear func- 
tion of I and W(i further have all series, proceeding according 
to j)ow(‘rs of ^ without constant term, which when substituted in 
I i:i] satisfy it, if we solve the equation 

^ 2)==0 

with r(‘sp(‘(‘t to ])osaible ways through power-series in ^ 

without (‘.onstant term and substitute these series for in the 
expression ((‘f. (vl) and (n)) 

a a 

Hut if Lli(“. ]K)8iti<in | == 0, singularity in the 

HtnuituHi if i'll® terms of the ith order form 

tlui /I'th lunvor of a linear exi»reasion in rj^, which must have 

the form j we must write instead of r]^, where r)^ 



and i)roc.(‘.(‘.d in a similar maimer as above. 

(^ontinning in this manner it is evident that if rt :=#0 we may 
derive all powei'-series in f without constant term which written 
for fj in the eciuation [Ki] identically satisfy it, if through a 
.series of transformations 

1 1 9] 1] -■ -f Vij^’ Vi = ■ ■ ■> ^ 

we may from the given equation 0(1 v )=0 derive an equation 
1 ?/,)= P whose left-hand side does noi begin with the Ath 
power of a linear expression in ^ and 97 ;,. 

Wo must finally come to such an equation if -?’(*, y) and 

have no divisor in common. Por, since the factor f * appears with 
each of the substitutions [19], it is easily shown that the integer 
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h iu [19] cannot pass a fixed limit. For if F is of the «,th degree 
in y, we may always find two integral functions F and F in ,c and y 
where f/ is at most of the (M-l)at degree in y and V at most of tlu' 
{n — 2)d degree in y such that tliere e.xists (he identical relation 

dF 

[ 20 ] + 

where is an integral function in .<•. 

Furthermore, ainc.e 


1 




)^) 


^Ih)^ 


it IkS seen that 

I/i) + V)- V) 

We also note from tho formula 

'( F 

F{.i\ y + v) — F(>f\ //) + , f • • * . 

ry 

if we make tlie substitution f, y //,, f ?/, Mima* 

+ //o + ^/) 

//)| 


that 


V) + 


m 


. V f 

W - II., t <t 


Expanding the lefirhand side of thi.s expression, it i.s seen that 


dF{x, y) 
dy 


pcm,r„ f-| 
V ^ lln ^ *1 


: il’ , 

07} 


,('’•>> ' '>ih 
>'Vh Of) 






It follows that after tha Huh«tituti(ui of 

.f! = + f , y ss v/jj +. t}^ where freun ( 1 !l ) 


a (t 


[ 21 ] 
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tlu^ left-hiuul Hide of [20] is seen to be divisible by- But 

on tlui right-hand side Z>(Xq -f- is of the same degree d, say, in ^ 

as /->(,*;) is in x. It follows that h{k — \)^d ovhs ^ 

If, m-ondly, a = 0, or ■>?) = (— /3f)*, it is seen that through 

a (■.orre.Hjtonding e,hange of the method given above, all series 
which i)i'oc.e.(id ae,<!ording to powers of y without constant term 
may be. found whi<;h when written for ^ in the equation [13] 
identically sa,LiHfy this e([uation. Through reversion of these series 
w(i deriv(* sei-ies in powers of f without constant term which satisfy 
the, (-(luation [ 13] with respect to 17, and in fact all such series. 

144. 'I'he following theorem is proved by Stolz (Math. Ann., 
Vol. VIII, j). 438): If is a position of the structure y) = 0 
and if this e<iuation is brought through the substitution a: = »(, -h 

1 / ~ //,! -I- 1 ) to the form [3] above, viz., 

I 1 /''(■' () + f . ;'/() + 7?) = (n -h tf (?)) + + Vff (v)) 

then th(( colh'.ctivity of the convergent series in integral positive 
1 ^ 

powei’H of f or vk, , which vanish with and 

wluni writt(‘n for t; in the equation [13] satisfy it, are charac- 

terizcHl through ^ ^ 

2^/x=:r/, 

In these expreRsions /a is the smallest of the roots of f which 

art^ (tontainiul to an integral power in each term of a series in 

1 

c|uostion, and X in the least exponent of in this series. This is 
illustrated in tlio example of the next section. 

145. Tlu^ al)ove theorem offers a check for the determination 
of all tlie series which l)elong to a singular position of a function, 
as is illustrated in the following example. 

Example, For. the algebraic structure defined through the equation 

4 xy “» a xy + 2 x^t/ — 21 xy^ + 8 3/^ — 10 = 0 ({ ) 

tlH» |K)int X = 0, y = 0 is a 5-ple singularity. The terms of the fifth 
order in (i) are 4xV and consequently may be decomposed into the 

factors X and y. 
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Corresponding to the factor y, write in (i) y — xy^. The result of the 
substitution is, after division by 3 ^, 

iy^ — % xy^ + 2 x^y^ — 10 ~ 21 x^y^ + 8 x^y^ = 0, (u) 

The point a; = 0, = 0 is a triple singularity for this structure, the terms 

of the third order being 

4 y 3 _ 9 xy^ + 2 x^y^ = y^(4: y^ - x) -2 a;). (m) 

Corresponding to the first factor, write in (ii) y^ = xy^ and divide the 
resulting equation by x^. We then have 

2 ^2 — 10 4 yi “ ^i ^^yi + S x^y^ = 0, 

where a; = 0, yg = 0 is a simple point. From this equation we have 
y2 = 5a;2+ 

We thus have as a solution of (i) 

yz=.xy^ — x^y^ = 5 a;^ + terms of a higher order. (iv) 

Corresponding to the second factor in (iii) write in (ii) = a; (:| + y^ 
and divide the result by x^. We then have 

- |?/2 “"10a;2- 6y| + 4y| + • • • = 0, 
and from this we have y^ — — a;^ + . . . . 


It follows that (i) is satisfied by the series 


2 / = ^Hi + y2) = T“ 


a;2 40 x^ 


Corresponding to the third factor of (m), write in (^^) = a;(2 + yg), 

and dividing the result by we have 

14 yg - 10 a;2 + 15 y| + 4 y| + ••• = 0. 

From this it follows that yg = f ar^q- ...; and the corresponding value 
y y = 2a:2+ ^a:*+ •••. (nl) 

Returning to (i) write x = yx^ so that (i) becomes 

4 a:2 + 8 y2 - 21 y'^x^ - 9 yx^ + 2 yH^ - 10 x^^y^ = 0. (vu) 


lor this structure y — 0, 3 ;^^ — 0 is a double point, the terms of the second 


order being 


4a;2 ^ 3^2-4.^^^ ^ iyV2)(a;i 


Corresponding to the factors of this expression we make in (;mi) the 
substitutions _ 

^i = y(±W2 + a: 2 ). (vrm) 
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If thru w«‘ ihvuh' thruui-h by i/% wr hnvr thu miuations 

} j,. 21 //) I V 2 21 + -I + . . . = 0 . 

Frtim rurh i»f tljr^r rqtmtitm.M \vr iivY'iw ,srn<‘H which bcj^iu with the same 
( 4 Tm, vi/., r. " J i * ■ s *hHt \vf* derive tlu' two Heries 

» r , r i * i \ 2 i <•,, ) t It/- vAJ 4. ‘Y 11^ + • . . . 

dv invert inq Ihe tf Herien \M* have the H(‘rieH which proceed in ascending 

jiuWei'M «»t If ^ i/., 

'' ^ i ^ . . . . and (a;) 

We iui\e thu* dfiued ti\e pou ei ■^»el•ieH which proct^ed iu integral or frac- 
tiunui pHttri i Ml i uitIjMUt eHUHtaul term which naiisfy (f), viz., (te), 
(e), t ei I, p » K and ( « 

It in (ml her neeu that ^/i \ i I 4 1 + 2 + 2 ■ 7, which is th(‘ smallest 

ex|rtmeiit id the tej iir* t flat are tree frnni *, whih‘ 1 4* 2 -f 2 4”l4*l==10, 

which h the nuudle 4 e\|Hment nf the tenuH that arc free from yin (f) 

(Slul/, p, Ut‘»b 





INDEX 

(‘I'Ijo to tho pages) 


Abolhui tnuiHrondonlH, KH) 

AlK<*brH, ftuidiuaoutul thoon'in of, Hlfj 
AlK«d>nii<’ <-urvo oKproHWMi through 
powor Morit'H, hh, hil 
Alg<*hr;ti<* fuiiotiiui, it.s dovolupuuuit 
ill wrh'S, IT7; a( a Hingular point, 

IHi) <’t Hinp 

AlKtdiniionfructun'M, l7<h'tH('q,, IHl, 1H7 
AmhigUiUiH I'aho, tho, iv, *i7. Sir SiMui 
(Udiiiito form 

Aiialytlr dopcmlfitco, Ihh I't wnp, KHl 
Analytic function, T.'l; dcllnctl, I.’IK 
Analytic hiructurc, 71, 171 
Appclt, IHU 

Area, niaxinnnn urea, t l.‘f 
AHvmptoiii* npprosu’h, I.'IK 
Atuilinry variable, KH, 17.1 

Uall/JT, *2 
Bauer, H)7 
Bert ram I, v, 11 
Bierniiiun, llti, 111, ItJH 
Brtcher, MH 

ifohinmnu and Schepp, h 
BoIm Ueviiitind, Baul du, ‘i, 7, 74 
Bol/aiio, 12. lid 
B.orchiir«ft, Itti 

Boiimlarv, lit! et i-jeip, lid et wap 
Brand, {2deteeq. 

Bitruftidi-, HP. im 

c ‘afcitliui nf \iuiutionf4, iv, 171 
t'aittor, f h-nt'kirhit' etc,, 11 
rarfei4lan tH-al, 111 
t’aurhy, 1, 7, P2 
C 27 

C*eiifcrof cttrviifure, 117, 121 
rhrbaoffel, UI7 

<*onipl<’te dlffermflid tiutulent, d 
riiiifiicf. of indidliiitely Idgh ordiU’, Id 
C *oniltiuiitloii of an analvtie function, 

174 

rontiiiuouH fiincilun, Idl, ld2 

C^.nvergimre, Bid, BIT, Bid, 172, 171 

<*reinoiin, 144 

(*iirv»turi% 117 

C*iiii|ii4, apneiiratu'e of. Id 

(*>‘11 inter, truce of, 11 

Id! 


DantKcher, Victor von, y, 36, 69 ; 

inetluxl of, 39, 62 et seq., 72 
Didlnito form, 19; necessary condition 
21, 49, 50, 51, 64, 08, 82, 83, 91^ 
92, 109, 111, 114; conditions for, 91, 
103 ’ 


Derivative, existence of a, 161, 162 
103, 166 

D('Hcart.(‘H, iv, 165 

Di'tenniuant, tlu^ sign of the, 26 et seq 
28, 29, 30, 32, 33, 51, 52, 69, 60, 83, 
85 et seip, 90, 91, 92, 93, 97, 100, 
107, 111; orthogonal, 149 

Differentiation, one-sided, iv, 7, 11 
et Hiup 

Diui, 12, 136, 167 

DiKtinetaesH as characteristic of an 
extreme, 37, 88, 47, 50 

Double curve, 54 

Double point, 101; with distinct tan- 
gents, 29 ; isolated, 20, 30, 81 


Klement of a conqilete structure, 174 
Kquatiou of secular variations, 107 
Kuclid, iii, 15, 135 

Kuler, 16, 18, 107 ; theorem of, for 
homogeneous functions, 84, 166 
Exceptional cases involving a squared 
factor, 54, 58, 68, 97 
Exlstmice of an extreme, proof of, 136, 
146 

Kxtraonlinary cases of extremes, iv, 19 
Extraordinary maxima or minima, 1, 
6 et seip, 17, 19, 43 et seq., 74 
Extreme, or extreme value, v, 2, 68, 
54; criteria for, 4, 6, 26, 92. See 
Maxima and minima 
Extreme curves, 53, 54 


Failure of general criterion, 66 
Enllaclous conclusions. See Incorrect- 
ness of earlier theories 
Fermat, iii, iv, 16, 182; method of 
determining maximum and mini- 
mum, iii 

Form. See Definite form 
Fourier, iii 
Fourier series, 74 



192 


THEORY OF MAXIMA AND MINIMA 


Fractional powers, 178, 182 
Fuchsian functions, 171 
Function, rational, 108; oue-valuod, 
160; inany-valuod, KM) 
Function-element, 138, 174 
Fundamental theorem of al^jjebra, 40 

Gauss, 19, 86, 90 ; principle of, 15 1 etHiMp 
Genocclii-Peano, 1 

Geometrical iuUu’pretatiouH, 6, 24, 31, 
46, 69, 71, 1)7, 125 
Geometrical mecluiuics, 130 
Geometry of numberH, 174 
Gerg’onno, 10 

Goursat, 6, 23, 27, 29, 31, 126, 170, 
177, 180 

Greatest value, 1, 48, 94. l^ec Upper 
and lower limits 

Hachette, 107 
Hadarnard, 147, 148, 160 
Hancock, 123, 166 
Hankel, 74 
Harknoas, 12 
Hermite, 81), 106, 180 
Hilbert, 170 

Homogeneous fuiicKons, 49, 155 
Homogeneous (puulratic fonns, 82, 85, 
103 et aecp ; expressed as a sum of 
squai'es, 86, 89, 91 ; with subsidiary 
conditions, 114 
Hudde, 165 
Huygens, 16 

Hypergeomotric series, 1 70 

Improper maxima and minima. aScc 
M axima and minima 
Incorrectness of earli(»r theori(‘H, 33 
ot seq., 52 

Ituhdinite form, 19, 49, 50, 51, 64, 6H, 
82, 106, 116 

Ind(U.(U'minaU^ c.otdlieiontH, 172 
Inflection, point of, 6 
Integral rational fnnction, 168 
Isolated point, 29, 31 

Jacobi, 107 
Jordan, 75 

Konigsberger, 180 
Kronecker, 106 
Kummer, 106, 107 

Lagrange, iii, v, 4, 18, 22, 26, 88, 43, 
77, 86, 92, 99, 107, 114, 127, 181, 
148, 172 
Laplace, iii, 107 
Least H(piares, 26 


Least value, I, 5t), 94. Str Upper and 
luw(u* limits 

Left haml dilTenoitial quntituit, 7, 11 
L(*gt*ndre, 135 
Leibiiitz, 3, 15 

Limitatliin expressetl through an eciua- 
tlon, 150 
Lipsehitz, 2, 74 

LoW(»r limit, 6Ib 94, 104, 136, Nre Upper 
limit 

LUroth. Str Uitii 

Maclaunn, iii, 3, 4, 15, 22, 77 
Maxima and minima {srr alstt Kxtnunts 
value), tuie of the m<»st admirablt» 
applications of tlnxiops, iv; eojidi« 
tioim for, iv, 4, 40, 99 ; itmecuracies 
in, v; maximum iletinod, 1; mini- 
mum, 1; ordinary i^rr umitr Onli- 
nary etc,); extrui>riUnary {Hre uutltr 
Hxtraonliimrv etc.); pniper,2,5, ll, 
17, 23, 26, l l', 45, 60, 61, tl3, 74, 75; 
improper, 2, 5, IT, 23, 2<i, 31, 50, 59, 
(K), 63, 75, MO et seq., 164; abste 
lute, 2; relative, 2, 21, 96 et stsp; 
criteria for, 4, 7 12, 40 42, 43 et He<i., 
4H, 51, 55, tM, tIT, tlH. 77, HO, HI, H2, 
92, 100, 102, 115, U6; «;e«unetrieal 
intertifetatlonttf, <1,46, 71 ; erruneons 
critm’ijq 33; cjualition for proper 
extreiiu's, 40, 42; condition for im- 
pruptu' t'Xtnunes, 41, 42, 140 et seq.; 
criteria for ndativ?* maxima and 
mlnitna, U5 
Mayer, iv, v, 2, 79 

Mechatd(‘H, problems In, 139, 150; 
derivation td the oiHlinary t'qua* 
thaw of, 152 
Minimal sitrfac<’s, 123 
Minkowski, 174 
Morley. Str Ilarkness 

Neighborhootl of. In tlnq 65, 173 
Newton, <li,Hcoverer of the i'alcnhw, Hi 

Om^-sidt'd «Uf!tu*ential quotient, 7, 11 
et Htnj, 

Orhim of planets, 1 07 
Order of a enrve, 54 
Ordinary inaxinmand mlnimii, I etseq., 
17 et amp Str Maximit and minima 
Osculating circle, 117 
Osgppd, 167, no 

Pan ton. Nrr Kurnshle 
Papptis, 15, 164 

Paw'al, Ejtrreici etc., 11; Htprrturitfm 
etc., 130 


index 193 


IVano, iv, V, 2, (i, 12, 18, 21, 81, 38, 34, 
f>2, (11, (18, 114 
l‘Dn(iulum, ir»() 

Pctzval, 107 
Picard, 170, IHO 
Pii‘rp(»nt, d, 7, 15, :M, ,^7, 177 
PoiniNiro, 170, IHO 
PdiHon, 107 

Polygon. Svv lO'gulnr polygon 
PoHillon, I3}r> ft, .sD(j. 

Powt'r Hi'rioH, 171 ot 175, 179 
Pfopco’ muximu, or niinima. Sve Max- 
ima and minima 
PtilHimx, IHO 

Qnailratic form, 10; (‘Xpr(*HH(Ml an a 
Hom of Hqnari'H, HO ct HO; ap- 
plication id', 02 ct *SVi‘ IIoimH 

gmunaiH ipunlrutit' formn 

HuiliuH of rnrvaturt*, 117 
Hcalm, 1.15, 174 

Hi’lOanltm itf a ray of light, PiOotHiap 

Hi'fraciiim of a ray of light, 111 <‘tH(Mj. 

UcgiomoutamiH, 10 

Ucgiiin of I’lmvorgimiM', 107, lOH 

Ui’gnlar fnnctlim, 7.1 

Ut'gidar pidnt, 177 

Ucgnlar pidygiin, 140, I42<*tH<a)., 147 
Hi'lutivt* maxima uml minima. Ntr 
.Maxima ami minima 
Hi’VorHiim (d acricH, 15.1 <‘t wmj. 
Uii’holol, lOO 
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